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ABSTRACT. We give the expressions for the two Zagreb polynomials of the thorn graphs,

which are then generalized to general form.

1 Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). For u € V(G),
dg(u) or d, denotes the degree of u in G. The first Zagreb index and the second

Zagreb index, introduced in [1] and elaborated in [2], are defined respectively as:

ZG(G) = Z di

ueV(G)
ZGH(G) = > dyd,.
weER(Q)

Note that ZG1(G) may be written as ZG1(G) = > (d,+d,). The Zagreb indices
weE(G)
reflect the extent of branching of the molecular carbon-atom skeleton, and can thus

be viewed as molecular structure—descriptors [3,4]. Mathematical properties for these

two graph invariants may be found in [5-12].
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Recently, Fath—Tabar [13] put forward the first and the second Zagreb polynomials
of the graph G, defined respectively as

ZG41(G, ) Z gutdy

weE(G)

ZGy (G, x) Z gdudo

weFR(G)

where z is a dummy variable. For the graph G, we define

ZGO (G I Z xpdud7)+q(du+d1;) .

weFE(G)
Obviously, ZG1(G,z) = ZGy (G, x) and ZGo(G, x) = ZGY o(G, x).
Another polynomial related to the first Zagreb index is
ZGi(G.x)= Y da™
ueV(G)

Define a polynomial as

ZGy(G,x) = Z:B

ueV(G)

For a graph G with vertex set {vy,...,v,}, the thorn graph G*(p,...,p,) of G is
obtained by attaching p; thorns (pendent edges) to vertex v; € V(G) fori =1,...,n.
We write G, = G*(p1, . .., pn) if p; = ad,, + b, where a and b are integers such that
p; > 1 for v; € V(G). Let V) (Ej, respectively) be the set of pendent vertices (edges,
respectively) of G}, but not in G. Obviously, Vi| = [E1| = } iy (g (ad; + D) =
2am + bn. These kinds of thorn graphs are well known in chemistry [14].

In this paper we give the expressions for the two Zagreb polynomials of the thorn

graphs, and then generalize them.

2 Zagreb polynomials of thorn graphs
Theorem 1. Let G be a graph with n vertices and m edges. Then

ZGi(Ghyx) = 2ZG1(G,a") + aa" ZG, (G, x1) + ba" T ZGo(G 2"
ZGi(Ghyw) = (a+1)2"ZG,(G,a"") + 03" ZGo(G, 2T + (2am + bn)z
ZGy (G, ) = beZngLLb(G, ) 4 a2 ZG (G, 2" + b2 ZGo (G, 2T



Proof. For u € V(G ,), d;; denotes the degree of u in G ,. If u € V(G) C V(
then d} = (a + 1)d, + b.
For ZG1(G}, ,, ),

ZG\(Gyy) = Yt Y g

weFE(G) uveEy

_ Z L@t 1)du+b]+[(at+1)dy+)
weFE(G)

+ Z I,(a-i—l)du-ﬁ-b-i-l

we€F1,ueV(G),weVy
_ E $(a+1)(du+dv)+2b

weE(G)
+ Z (ad, + b)x (a+1)dy+b+1
ueV(Q)
- Z et (dutdy)
uveE(G)
4 Z 2@ D
ueV (G
4+ttt Z :L,(a-i-l u
ueV(G)

= 2*ZG\(G, v + az" ZG (G, )
+ b ZGo (G2 .

For ZG, (G4, 2),

ZGy(Glpm) = Y dia®i+ > 12t

ueV(G) ueVy
= Y [(a+ 1)y + Blaforvie

ueV(G)

+ Z (ad, + b)z

ueV(G)

= (a+1)2b Z dyz (et

ueV(G)
+ ba’ Z 2@V L (2am, + bn)x

ueV (G

= (a+ )beGv(G,x“H) + b2’ ZGo(G, )

+ (2am + bn)x
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FOI" ZG2(Gab7 ),

ZGQ(Gab, ) _ Z xd*d;_{_ Z xdid;ﬁ

weE(G) OIS

_ Z - [(a+1)dy+b][(a+1)d,+b]
uweE(G)

+ Z pllatD)do+b]-1

weF1,ueV(Q),veVy
_ 2 : J;(a+1)2dudv+b(a+1)(du+dv)+b2

weER(G)

+ Z (ad +b) (a+1)dy+b
ueV(G)
— ¥ Z LD (1) dudy+b(du-+dy)]

weE(G)
+ CLZL’b E d {L‘Q—H d"—f—bl’ § xa—l—l
ueV (G ueV (G

= 2’ ZGa+1,b(G7 ) + abeGv(G, 2t

+ b’ ZGo(G, 2 .
The proof is completed. W

Similarly,

ZGo(Ghyx) = Z ph4 ) gt

UEV ueVy
_ Z $a+1)du+b+ Z ad +b
ueV (G ueV (G
= 2 Z gletDdu 4 ( 2am~|—bn)x
ueV(G)

= 2°ZGo(G, 2™ + (2am + bn)x
Theorem 2. Let G be a graph with n vertices and m edges. Then

0 * _ .pb242qb 0 a+1
ZGp,q( a,b’x) = 7 ZGP(@+1),pb+q(G’x )

+ a&:prrq(bJrl)ZGv(G, x(a+1)(P+Q))

+ bpr+q(b+1)ZG0(G, x(a+1)(p+q)) ]
Proof. It is easily seen that

2GS (Grppr) = Y apliditading) o 37 pptiditaia)

weE(Q) uwveF
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= Z Plat D)2 dudo+b(a+1)(dutdy)+5%)+q[(a+1) (dutdv)+20)
weE(G)
+ Z Pl D) du+b]+ql(at1)du+b+1]

uveFEq
— E: (et D)?dudy+(pbtq) (1) (du+du)+pb?+24b

weE(Q)

+ Z (ad, + b)x(pJFCI)((l+1)du+pb+q(b+1)
ueV(Q)
_ xl’b2+2qb Z :L'(aJrl)[p(aJrl)duvar(prrq)(du+dv)}

weFE(G)

+ pr—i—q(b-i—l) Z (adu+b)x(p+q)(a+l)du
ueV(G)

2 a
= :pr +2QbZG2(a+1),pb+q(G’ T +1)
+ apr+q(b+1)ZGv(G’ x(aJrl)(erQ))

+ bl’pb+q(b+1)ZG()(G, x(a+1)(p+q))

as desired. W
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