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ABSTRACT. For a graph G = (V,E), the general Randi¢ index is defined as

R (G)= Z (degG(u)degG(v))_a, where o is an arbitrary real number. In this paper we

uvek
introduce the truncated version of this index, R'”)(G), in which the summands pertaining
to a selected subset U of vertices of G are abandoned. The truncated higher-order Randi¢
index "R (G), m>1, is also put forward. The indices RY(G) and "R (G)of chain

graphs are computed.

1. Introduction

In 1975 Milan RANDIC [1] proposed a topological index R ,, in order to measure the extent

of branching of the carbon-atom skeleton of saturated hydrocarbons. Already Randi¢ noticed that
there is a good correlation between his index and several physico-chemical properties of alkanes,
such as boiling point, chromatographic retention time, enthalpy of formation, parameters in the
Antoine equation for vapor pressure, etc. Later, in 1998 BOLLOBAS and ERDOS [2] generalized this

index by replacing the exponent 1/2 by any real number a. For a graph G =(V(G), E(G)), the
general Randi¢ index R_,(G) of G is thus defined as the sum of the terms (degG(u) degG(v))fa over

all edges uv of G, where deg,(u) denotes the degree of the vertex u of G, thatis
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= d d -
R (G)= Z ( eg;(u)deg, (V)) ‘
uveE(G)
Let U ={u,,u,,...,u,} be a subset of V(G). We now define a new version of the general

Randi¢ index and name it the truncated Randié¢ index R\ as

uveE(G)
u,vel

RE(G)= Y (degg(u)degs(v)

uveE (G)
u,veU

The m-th order connectivity index of an organic molecule whose molecule graph is G is

defined by [3]
1

iy, =G \/deg(; (i1 ) degG (iz ) degG (im+1)

where the summation runs over all paths ii,...i , of length m in G .. Similarly we define the

"R(G) =

truncated m-th order connectivity index as:

1
mlz(u1 Uy ,...,uk)(G) —
i ""%Ciu \/degc (i) deg; (i) -~ deg; (i)

1
"RYN(G) =
z:lizl...im%:cGU \/degg (4,)deg(i,)---deg; (i) -

Lsly yeensly 1 &

If G-U denotes the subgraph obtained by deleting the vertices u,,u,,...,u, from the graph
G, then it is immediately seen that
) — —a
R(G)= 2, (degg(u)degs(v))
uveE(G-U)

and

1
"RV(G) =
iliz...imHZC(G—U) \/ngG (il ) degG (iz ) degG (im+1 )
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2. Main Results and Discussion

In this section we compute the truncated Randi¢ index of the chain graphs. Then we use this
method to compute the general Randi¢ index for an infinite class of nanostar dendrimers.

Let G, (1 <1 < n) be some graphs and v,eV(G,). A chain graph denoted by

G=G(G,...,G, ,v,,...,v,) is obtained from the union of the graphs G, ,i=1,2,...,n, by adding these

edges vivir (1 <i<n-1), see Fig. 1. Then |V (G) |=Z| V(G,)| and | E(G) |=(n—1)+Z|E(G,.)|.

=1 i=1

BT

Fig. 1. The chain graph G = G(G,,...,G,,v,,.

It is worth noting that the above specified class of chain graphs embraces, as special cases,
all trees (among which are the molecular graphs of alkanes) and all unicyclic graphs (among which
are the molecular graphs of monocycloalkanes). Also the molecular graphs of many polymers and

dendrimers are chain graphs.

Lemma 1. Suppose that G = G(G,,G,,...,G,,v,,V,,...,V,) is a chain graph. Then:

(1 G(G,,G,,...,.G,,v,,V,,...,v,) is connected if and only if G, (1<1<n) are connected.

deg; (a) aeV(G,) and a#v,
(ii) deg,(a) = ydeg (a)+1 a=v, i=lLn
deg, (a)+2 a=v, 2<i<n-1

Proof is straightforward.

Theorem 2. The truncated Randi¢ index of the chain graph
G=G(G,G,,v,v,) (v, vy #uy,.suty) is:
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Y ((degq, () +1)degg, ()

i=l uv,eE(G;)

+(<deggl (v,)+ 1)(degG2 (v,)+ 1))_“ .

Proof. By using the definition of the truncated Randi¢ index one can see that

uveE(G)
UVEUY ..Uy

-a -a
= D (dego(wydego(v) "+ 3. (degg(u)deg,(v)
uveE(Gy) uveE(G,)
UVEUY o U V) U VEU) .Uy V)

4

+ Y ((degg () +1)degq ) "+ Y ((degq, (v2)+1)degy, ()

uv eE(Gy) uv,€E(G,)
UFUY .ol UFUY ..ol

-a

+ ((degq (v)+ 1)(deg62 )+ 1))

= RUG) RGN ((de () +1)deg, (0)

i=1 uv;€eE(G;)
UFUY ...y,

4

+ ((degg (n)+1)(degg, (v,)+1))

Theorem 3. If n>3 and v,,...,v, #u,,...,u, , then for G = G(G,,G,,...,G,,v,V,,...,v,) it holds:

-

R ”k)(G):ZRflg """ ”k’v")(G,.)JrZ Z (degs(v,)deg; (1))
i=1

T i)
+ g((degq () +2)(deg, (v.,)+ 2))
+((degq, (1) +1)(degg, (v,) + 2))
4ot (degg, (v, ) +2)(degg, (v,)+1))
Proof is analogous as that of Theorem 2.

3. Applications



51

Example 1. Consider the graph G, shown in Fig. 2. It is easy to see that
R_a (Gl) — 3 x 22(1—a) + 31—20[ + 61—0( ,
REVOI{)(GI) — RELz)(Gl) — Rg;)(Gl) _ REZ)(GJ _ 502 | 32 gl-a

and so,

RE\;;V) (Gl) _ REVi’Vj)(Gl) — 23—2a + 31—20{ + 61—0{

(24
for 1<i, j<3,i#j.

Il

v, ¥3
Fig. 2 The graph of nanostar G, for n=1.

Consider now the chain graph G, =G (G,_,,H,,v,,u,), shown in Fig. 2 (for n=1) and Fig.

n-1°
3, respectively. It is easy to see that H, =G, (1 <i<n-1) and
G,=G(G, ,H,,v,u)
G,.=G6(G,,,H,v,,u,)
G,,=GG H, v, u;)

n—i-1° i+1°

G2 :G (Gl’anl >V n-2 5”n72)
Then by using Theorem 2, we have the following relations:
R _(G)=R")(G, )+R"“(H)+37“+4x6™“

RY(G,.)=R"’(G,,)+RY"™ (H,)+37" +4x6™
R(G, )=R%"(G,, )+REMI(H, )+37 +4x6

RO2(G)=R%(G)+R " (H, )+37" +4x6

n-1
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Summation of these relations yields

n—1
R_,(G)=RE(G)+RE)(H )+ RO (H ) +(n=1)(37 +4x6™)

i=2

Fig. 3. The chain graph G, and the labeling of its vertices.

and so by using Example 1, it is easy to obtain
R _(G,)=2R"’(G)+(n-2)R"")(G)+(n-1)37* +4x6™*)
=2n+1)2°" +(4n -1)372* + (10n —4)6*. '
In other words we arrived at the following:

Theorem 4. Consider the chain graph G, =G (G, _,,H,,v,,u,), shown in Fig. 3. Then,

n-1°

R _(G)=02n+1)2>" +(4n-1)37" +(10n-4)6" |
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Fig. 4: The graph of the nanostar dendrimer D.

Corollary 4.1. Consider the nanostar dendrimer D, shown in Fig. 4. Then,
_ 2(1-a) -2« -a
R_(D)=(2n+1)2"9 +(4n —1)372“ + (10n —4)6
where n is the number of repetition of the fragment G, .

Theorem 5. For the chain graph G=G(G,Gys.c0; G,V Vs V,) s Upyees U, V500V,

1<j,p,g<m+1,

n

mR(”l -] (G) = Z mR(ul ..... o) (Gk ) + i 1Zh Z 1
=1

100 i Jdeg () deg, (i) deg g i,y )

in which in the lasr summation we have the conditions i,i,,...,i , #uf,...,u;-. There is a variable j

12729°

such that i =v,,...,i ,=v_, and for all p<; and ¢> j+h we have i €V(G,) and i €V(G,,),

+h k+h

respectively.

Proof . By the conditions of the theorem we have:

1
m]e(u1 ,m,u,_)(G) —
lll Zlil \/degG (ll ) degG (12 ) . degG (im+1 )
3 Z !
= \/degG (i) deg,(i,) - deg (i .)

1 eV(GA)



54

u 1
2
k=1 iy iy \/degc (4,)deg;(i,)---deg, (i)

51 el FUY 5eveslly
1 EV(GA )
3ji=vg

> 1

K=l iy \/degg (1) deg; (i) --deg; (i)
)y ey F Uy el

)=Vl = Ve

p< i, eV (G,)

Vg2 j+1:i €V (G, )

1
* 2
1 o bl \/degG (ll ) degG (12 ) T degG (ln1+l)
150 peees Ty FUY peecsly
T =V F V15122 T Vg2
Vp<jii, eV (Gy)
Vg2 j+2:i, €V (Gryy)

n—m 1
2 2
= e JJdeg (i) deg; (i) -~ deg i,...)
iy ey FU sl
3j L= Vil =Vsl ool jim =Vitm
Vp< i, €V (Gy)
Vg2 j+m:i €V (G, )

+
g

T
)

>~
1l

n m_n—h 1
— mR(u1 seenslly 3 Vi) G + .
kzz; (G hzz(; ; il{ZZir”+1 \/degc (4,)deg; (i) --deg,(i,,.,)

05l sevesl ] FUY 5eesly
3JH =V sy =Vier
Vp<jii, eV (Gy)
Vg2 j+hii, eV (Gy,)

Example 2. Consider the graph G, depicted in Fig. 2. We have the results displayed in Table 1, in
which G=G(G,,G,,v,,v,) and

1
= 2 : : — +
T, \Jdeg,(i)deg, (i) - deg, (i)
i;€V(G,), 1< j<m+l
3j:i;=n

1 1
)y : : —+ ) : : — .
) VEIiGZ“)'iniH - \/degc (1) deg(iy)---deg; (i) i \/degG (4,)deg;(i,)---deg, (i)
ije 1), 1< j<m+ JHpEVEL =V
Jji=n,

m "RY(G,) "R"(G)) Cpn
5 11 7 11 4 3
2 —+ + —t—=
V223 242 23 W2 3

9 3 8 2

3 2+— —+— 2+—
Js 2" 6 Js
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7 73 7 61 8 11

4 + + +
6v2 1243 1242 1243 32 63

S 1,25 1,37 ,, 8
3 36 6 66 3.6
18 15 16 22
6 + + +
32 33 62 33 W2 93
10 5 13 28

7 3J6 3J6 9 96

Table 1.

Now consider the chain graph G, =G (G, ,H,,v,,u,) shown in Fig. 3. One can see that for

2<m<7

"R(G,)="R"(G,)+ "R (H)+c,

mR(V])(Gn,l) — mR(Vz)(G,,,Z) + mR(Vl"uz)(HQ) + C;'n
"RY(G,) = "R G, )+ RO () e,
"RO(Gy) = "R (G) + R (H, ) e

where for 1 <i<n-land G, , =G (G, ,H,,.,v,.u,),

i+1°7 0

1
'
o= 2 . . .
) iy ey \/degG (1) deg; (i) deg; (i)
LEV(G, i), 1S j<m+1
Hj:ij:v,-

1
D)
iy iy \/degg (i) deg(iy)---deg; (i,,)
i€V (H,), 1< j<m+l
i/inH
3 =u;

) 1 -
LU \/degG (ll ) degG (12 ) o degG (lm+1)
§#V, 1< j<m+1
3= =v;

Because 2<m <7, it is easy to see that ¢, =c| for u, =u, =v. Therefore, by summation of these

relations we get:
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"R(G,)=2x"R"(G,)+(n—-2)x "R"(G,) +¢, +(n—-2)c.,.

By this we have proven the following:

Theorem 6. For the nanostar dendrimer G, shown in Fig. 4,
"R(G,)=2x"RY(G)+(n-2)x"R"(G,)+(n-1)c,
in which for G =G(G,,G,,u,,u,), c, is same as above, and u, =u, =v.

The m-connectivity indices of G, for 2< m <7 are given in Table 2.

m "R(G,) m "R(G,)
20n+10 17n—6 13n—10 53n+10
2 + 5 +
672 23 6 676
; Tn=2 10n ] 35n-26 37n—4
2 e 182 93
13n—-6 83n+2 13n—-13 43n+2
4 + 7 +
42 1243 9 6

Table 2.
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