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ABSTRACT.  While models of one qubit and two qubits open quantum systems are widely 

used in contemporary physical literature, especially one dealing with the problems of 

quantum information and computation, model of three qubits is rarely exploited. One 

reason, regarding dynamics of open quantum systems, lays in the fact that adding one qubit 

to state space    complicates considerably computational tasks.  By computational tasks 

here is meant obtaining analytical details of   dynamics, which are preferable for 

fundamental physical considerations.  In this paper, ab initio derivation of Markovian 

master equation, in regime of the weak coupling limit, for three interacting qubits is 

presented in pedagogical manner. In this way, it will become clearer what challenges in 

dealing with seemingly innocuous three-qubits model are.  Master equation in hand can 

serve for further physical inquiries, not limited to the field of quantum information and 

quantum computation.  
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INTRODUCTION 

 

Open quantum systems are nowadays of wide interest in both fundamental research and 

quantum technologies and various applications (NIELSEN and CHUANG, 2000; DEJPASAND and 

SASANI GHAMSARI, 2023; CHAE and CHOI, 2024). The theory of open quantum systems is still 

in development, with main hallmark: it is not possible to formulate canonical   equation of 

motion, also known as quantum master equation, for open quantum system’s dynamics 

(BREUER and PETRUCCIONE, 2002; RIVAS and HUELGA, 2011). This is in sharp contrast with 

quantum mechanics of isolated quantum systems where Schrodinger equation governs the 

unitary dynamics (MESSIAH, 1962).  

It turned out that it is useful to borrow concept of Markovian dynamics from classical 

statistical physics to single out one possible kind of dynamics of open quantum systems–

quantum Markovian dynamics. Such approach is based on notion of Markovian semigroup 

which is related to Chapman-Kolmogorov equation of classical Markovian processes (BREUER 
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and PETRUCCIONE, 2002). The result of that approach is well-known Gorini-Kossakowski-

Sudarshan-Lindblad quantum master equation which is now acknowledged as one of 

cornerstones of open systems quantum theory (BREUER and PETRUCCIONE, 2002; RIVAS and 

HUELGA, 2011).  

While mathematical reasoning provides the basis for rigorous proof of the existence of 

GKSL master equation, the physical conditions surrounding the dynamics stay secondary. Over 

time, mathematical physicists have developed various approaches to overcome lack of physical 

details, starting from microscopic picture, i.e., model Hamiltonian. One of the most prominent 

methods in this regard is Nakajima-Zwanzig projection technique (BREUER and PETRUCCIONE, 

2002; RIVAS and HUELGA, 2011). Following this route, it is possible to obtain master equation 

which is in GKSL form with insight into physical details at the same time. 

Besides being Markovian, here we will be interested in finite-dimensional, open 

quantum systems, exclusively. From perspective of fundamental physics and quantum 

technology application, models of one and two qubits are quite well studied as a representative 

of finite-dimensional systems (NIELSEN and CHUANG, 2000). But realistic physical situations 

for sure welcome models of more than two-qubits systems, such as e.g., model of three 

interacting qubits as open quantum system.  

So, the goal of this paper is derivation of Markovian master equation, starting from 

microscopic picture, for the model of three interacting qubits in contact with thermal (bosonic) 

bath.  

This paper is structured as follows. Section General setting presents sketch of thinking 

in open quantum system theory with the aim of highlighting what is most important, starting 

from microscopic picture and introducing proper set of assumptions and approximations. In this 

way, the reader gets rough idea about what the goal is and how to reach it. Section The model 

introduces the Hamiltonian of interest revealing details which shape dynamics of open quantum 

system. The subsequent section, The Algorithm, outlines all essential computational steps in a 

concise form. In Computational Details, the procedure for obtaining the desired quantum 

master equation is presented. The last section is Conclusion of the paper. Additional details are 

shared in the subsequent Appendices. 

 

 

GENERAL SETTING 

 

Open quantum system (A) is system in unavoidable contact with another quantum 

system (typically with many degrees of freedom) called environment (B) (BREUER and 

PETRUCCIONE, 2002; RIVAS and HUELGA, 2011). Basic assumption of open quantum systems 

theory is that A+B composite system is isolated and that dynamic of composite system is 

unitary.  Generator of unitary dynamics is Hamiltonian of composite system: 

 

𝐻 = 𝐻𝐴⨂𝐼𝐵 + 𝐼𝐴⨂𝐻𝐵 + 𝛼𝐻𝐴𝐵;                                                                                           (1) 

 

𝐻𝐴 and 𝐻𝐵 are self-Hamiltonians of open system and environment, respectively, while  

𝐻𝐴𝐵 stands for interaction Hamiltonian which explicit form is given as 

 

  𝐻𝐴𝐵 = ∑ 𝐴𝑙𝑙 ⊗𝐵𝑙 .                                                                                                             (2) 

 

Hermitian operators 𝐴𝑙 and 𝐵𝑙  act on to Hilbert space of open system and environment, 

respectively. Coupling constant  𝛼 accounts for the strength of interaction between systems A 

and B. 
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In further analysis it is convenient to introduce interaction picture with respect to the 

free Hamiltonian of open system and environment: 𝐻0 = 𝐻𝐴 + 𝐻𝐵: tilde will be used to denote 

operators with respect to interaction picture. 

The corresponding differential form of composite system unitary dynamics is given by 

equation:  

 

𝑖ℏ
𝑑𝜌̃𝐴𝐵

𝑑𝑡
= [𝐻̃𝐴𝐵, 𝜌̃𝐴𝐵],                                                                                                               (3) 

 

known as von Neumann-Liouville equation, where 𝜌̃𝐴𝐵 is density operator for the whole 

A+B. The reduced dynamics of open system A follows by tracing out environmental degrees 

of freedom in Eq. (3):  

 

𝑖ℏ
𝑑𝜌̃𝐴(𝑡)

𝑑𝑡
= 𝑡𝑟𝐵[𝐻̃𝐴𝐵, 𝜌̃𝐴𝐵],                                                                                                        (4) 

 

which is starting place for further mathematical considerations (BREUER and 

PETRUCCIONE, 2002; RIVAS and HUELGA, 2011).  

The standard approach in theory of open quantum systems consists of applying 

Nakajima-Zwanzig projection operator technique on Eq. (4) which leads to the following time 

non-local master equation (BREUER and PETRUCCIONE, 2002; RIVAS and HUELGA, 2011):  

 

  
𝑑𝜌̃𝐴(𝑡)

𝑑𝑡
 = ∫ 𝒦(𝑡 − 𝑠)

𝑡

𝑡0
𝜌̃𝐴(𝑠)𝑑𝑠, 𝜌̃𝐴(𝑡0) = 𝜌𝐴0 ,                                                                    (5) 

 

where  𝒦(𝑡)  is so called memory kernel which tells how the change of  𝜌̃𝐴(𝑡) depends 

on its history. In other words, dynamic of open quantum system is non-Markovian. Eq. (5) is, 

from mathematical point of view, intractable if proper assumptions and approximations are not 

invoked. For the sake of completeness, it is important to note that it is possible (and desirable) 

to describe quantum non-Markovian processes through local in time master equation (via 

technique of time-convolutionless forms or TCL for short (BREUER and PETRUCCIONE, 2002) 

which is perfectly equivalent to results obtained by Nakajima-Zwanzig technique 

(CHRUŚCIŃSKI and KOSSAKOWSKI, 2012). General form of this TCL master equation is given 

by: 

 

 
𝑑𝜌̃𝐴(𝑡)

𝑑𝑡
=  ℒ(𝑡 − 𝑡0)𝜌̃𝐴(𝑡), 𝜌̃𝐴(𝑡0) = 𝜌𝐴0,                                                                                     (6) 

 

where ℒ is superoperator known as (time dependent) Liouvillian of master equation.  

The question(s) of open system’s non-Markovianity quantification and description is 

tightly connected with the notion of quantum Markovianity (BREUER, 2012). Quantum 

Markovianity of open system dynamics is reflected in the fact that corresponding dynamical 

map fulfill semigroup and divisibility property. Divisibility property is analogous to Chapman-

Kolmogorov equation which defines the notion of classical Markovianity (BREUER and 

PETRUCCIONE, 2002).  

By dynamical map here is meant mapping Λ(𝑡, 𝑡0): 
 

 𝜌(𝑡) = Λ(𝑡, 𝑡0)𝜌(𝑡0)                                                                                                                (7) 

 

i.e. integral form of dynamical law.  In other words, Λ(t, t0) for Markovian dynamics 

satisfies equation 
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dΛ(t,t0)

dt
= ℒMΛ(t, t0), Λ(t0, t0) = 𝕀,                                                                                           (8) 

whose solution is given by: 

 

Λ(t, t0) = e
(t−t0)ℒM ,                                                                                                                    (9) 

 

where ℒM is generator of the semigroup and 𝑀 stand for Markovian. Eq. (9) implies that 

Λ(t, t0) depends only upon the difference “𝑡 − 𝑡0” and hence Λ(𝑡) ≡ Λ(𝑡, 0) defines one-

parameter semigroup satisfying composition law  

 

Λ(𝑡1)Λ(𝑡2) = Λ(𝑡1 + 𝑡2),                                                                                                         (10) 

which is an instance of map divisibility (BREUER, 2012). 

 

Requests for quantum Markovian (in above sense) and completely positive and trace-

preserving (CPTP) dynamics led to mathematical derivation of master equation in the well-

known form (RIVAS and HUELGA, 2011): 

 

 
𝑑𝜌̃𝐴(𝑡)

𝑑𝑡
= −

𝑖

ℏ
[𝐻𝐿𝑆, 𝜌̃𝐴] + ∑ 𝛾𝑘 (𝑉𝑘𝜌̃𝐴𝑉𝑘

† −
1

2
{𝑉𝑘
†𝑉𝑘, 𝜌̃𝐴}) = ℒ𝑀𝜌̃𝐴,𝑘  𝜌̃𝐴(𝑡0) = 𝜌0     (11) 

 

which is due to Gorini, Kosakowski, Sudarshan and Lindblad (GKSL). 𝛾𝑘
′ 𝑠 are decay 

rates, 𝑉𝑘  are Lindblad operators while 𝐻𝐿𝑆 stands for so called Lamb shift which produces a 

shift in the energy levels of the open quantum system. ℒ𝑀 , in the context of Eq. (11) is also 
called Liovillian of master equation. {𝐴, 𝐵} = 𝐴𝐵 + 𝐵𝐴 is standard notation for 
anticommutator of two operators. 

It is known that Liouvillian of Eq. (11) generalizes to (not to be confused with Eq. (6)) 

(RIVAS and HUELGA, 2011) 

 

ℒ𝑀(𝑡)𝜌̃𝐴 = −
𝑖

ℏ
[𝐻(𝑡), 𝜌̃𝐴] + ∑ 𝛾𝑘(𝑡) (𝑉𝑘(𝑡)𝜌̃𝐴𝑉𝑘

†(𝑡) −
1

2
{𝑉𝑘
†(𝑡)𝑉𝑘(𝑡), 𝜌̃𝐴}) ,𝑘            (12) 

 

where symbols have the same meaning as in Eq. (11), only now time dependent. 

Interestingly, Eq. (12) accounts for non-Markovian dynamics if 𝛾𝑘(𝑡) < 0, for at least one 𝑘. 

Because of the last feature, Eq. (11) will be of only interest for further considerations.  

We will not dwell here on the problems which surround quantification or rigorous 

definition of quantum Markovianity, question which is not settled, in unambiguous manner, yet 

(BREUER, 2012). In other words, in this paper, property expressed by Eq. (10) is basic for 

definition of quantum Markovianity. But it should be kept in mind that it is not the only point 

of view in contemporary literature, i.e. Eq. (10) is not considered sufficient condition (RIVAS 

and HUELGA, 2011).    

Rather, we would like to emphasize that situations where dynamics is Markovian (in 

sense of Eq. (11) i.e. Eq. (10)) still offer rich physics from the perspective of fundamentals and 

applications. In other words, basic quantum phenomena such as quantum dissipation, quantum 

decay and quantum decoherence (JOOS et al., 2003, SCHLOSSHAUER, 2007, GARDINER and 

ZOLLER, 2004) can be modeled and studied in framework of Markovianity expressed by Eq. 

(11). From computational point of view, despite unsettled definition, Markovian dynamics is 

easier to handle. 

At this point, a brief remark is in order. As will be seen, different notations will be used 

for frequencies. To avoid possible confusion, let us emphasize that 𝜔 will be used for the 

frequencies (and frequency differences) of the open system and will always be a discrete 

quantity. On the other hand, Ω will be used to denote the frequencies of the environment and 

may represent either a discrete (as in Eq. (18)) or a continuous (as in Eq. (29)) quantity. 
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THE MODEL 

 

As open, quantum finite-dimensional system (A) of interest here it will be considered 

system of three mutually interacting qubits that interact with infinite-dimensional thermal bath 

of harmonic oscillators, i.e., environment (B).  

The free Hamiltonians, cf. Eq. (1), of open quantum system and bosonic bath are 

𝐻𝐴 = 𝜔0(𝑆1𝑧 + 𝑆2𝑧 + 𝑆3𝑧) + 𝛽𝑆1𝑧⨂𝑆2𝑧⨂𝐼3 and 𝐻𝐵 = ∑ ℏΩ
𝑘
→𝑏

𝑘
→
†𝑏

𝑘
→

𝑘
→ , respectively.  𝛽 plays 

role of intercoupling constant whereby it is assumed that 𝛽 > 𝛼. Interaction part of 

Hamiltonian, 𝐻𝐴𝐵 = (𝑆1𝑥 + 𝑆2𝑥 + 𝑆3𝑥)⨂∑ 𝑔
𝑘
→ (𝑏

𝑘
→
† + 𝑏

𝑘
→)

𝑘
→ ≡ 𝐴⨂𝐵,  stands for interaction 

between open system and environment with 𝑔
𝑘
→ playing the role of coupling constant 𝛼. 

Operators 𝑆𝑖𝑧 and 𝑆𝑖𝑥 are standard spin-1/2 operators, while bosonic operators   𝑏
𝑘
→
†

 and 𝑏
𝑘
→ fulfil 

commutation relations [𝑏
𝑘
→, 𝑏

𝑘′
→ 
† ] = 𝛿

𝑘
→
𝑘′
→  (MESSIAH, 1962).  

By thermal bath here is meant multimode bosonic environment which separable state is 

given by reduced density operator (BREUER and PETRUCCIONE, 2002):  

 

𝜌𝐵 = ∏ [1 − 𝑒
−
ℏΩ
𝑘⃑⃑ 

𝑘𝐵𝑇]
𝑘
→ 𝑒

−
ℏΩ
𝑘⃑⃑ 
𝑏
𝑘
→
†
𝑏
𝑘
→

𝑘𝐵𝑇 ,                                                                                           (13) 

 

where 𝑘𝐵  is Boltzmann constant and  𝑇 is temperature of the bath. Multimode character 

is expressed by frequency Ω𝑘⃑  where 𝑘⃑  is wave vector taking discrete values. It will turn out that 

thermal averages of bosonic operators are needed, so for convenience they are listed here: 

 

〈𝑏
𝑘
→
† 〉 = 〈𝑏

𝑘
→〉 = 0,                                                                                                                                   (14a) 

〈𝑏
𝑘
→𝑏

𝑘′
→ 〉 = 〈𝑏

𝑘
→
† 𝑏

𝑘′
→ 
† 〉 = 0,                                                                                                          (14b) 

〈𝑏
𝑘
→
† 𝑏

𝑘′
→ 〉 = 〈𝑛

𝑘
→〉 𝛿

𝑘
→
𝑘′
→ ,                                                                                                              (14c) 

〈𝑏
𝑘
→𝑏

𝑘′
→ 
† 〉 = (1 + 〈𝑛

𝑘
→〉) 𝛿

𝑘
→
𝑘′
→ ,                                                                                                      (14d)     

 

where 〈𝑛
𝑘
→〉 =

1

𝑒

ℏΩ
𝑘⃑⃑ 

𝑘𝐵𝑇−1

   stands for thermal average number of bosons in a mode with 

frequency Ω𝑘⃑ .  Some details concerning averages, Eqs. (14), can be found in Appendix 2.  

 

 

THE ALGORITHM 

 

Mathematical derivation of Eq. (11) does not say much about the microscopic origin of 

dynamics and physical limitations of GKSL master equation. To continue further, it is necessary 

to characterize properties of the environment and strength of the interaction between systems 

A and B, to begin with. Then using technique of Nakajima-Zwanzig and invoking famous set 

of approximations–Born, Markov and secular–it is possible to obtain   GKSL form of master 

equation. Interested reader may find appropriate details related to microscopic derivation of 

GKSL master equation in (BREUER and PETRUCCIONE, 2002; RIVAS and HUELGA, 2011): for 

purposes of this paper, we will use only some points of immediate interest. 

Following this route of obtaining GKSL master equation it turns out that Eq. (11) can 

be formulated in the following, unitarily equivalent, form: 
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𝑑𝜌̃𝐴

𝑑𝑡
= −

𝑖

ℏ
[𝐻𝐿𝑆, 𝜌̃𝐴] + ∑ ∑ γ𝑘𝑙(ω) (𝐴𝑙(ω)𝜌̃𝐴𝐴𝑘

†(ω) −
1

2
{𝐴𝑘
†(ω)𝐴𝑙(ω), 𝜌̃𝐴}) .𝑘𝑙ω       (15) 

 

In Eq. (15), γ𝑘𝑙(ω)  are matrix elements of positive semidefinite matrix, for all ω, which 

may be diagonalized by unitary matrix, where elements on diagonal are decay rates from Eq. 

(11).  Using matrix elements, 𝑢𝑘𝑖, from unitary transformation, we may write relation  𝐴𝑖 =

∑ 𝑢𝑘𝑖
𝑑2−1
𝑘=1 𝑉𝑘  between new (𝐴𝑖) and old (𝑉𝑘)  Lindblad operators, where 𝑑 stands for 

dimensionality of open system’ Hilbert space. Unitary equivalence means that Eq. (11) and Eq. 

(15) describe the same dynamics. So, we will refer to Eq. (15) further on.      

To be able to write down master equation, Eq. (15), it is necessary to find operators 

𝐴𝑙(ω) and 𝐻𝐿𝑆 as well as the functions γ𝑘𝑙(ω).      
The expressions for 𝐴𝑙(ω) are obtained by taking interaction part of Hamiltonian,  𝐻𝐴𝐵, 

in interaction picture: 

 

𝐻̃𝐴𝐵 = 𝑈0
†(∑ 𝐴𝑙𝑙 ⊗𝐵𝑙)𝑈0 = ∑ 𝐴̃𝑙𝑙 (𝑡) ⊗ 𝐵̃𝑙(𝑡) ;                                                                   (16) 

 

 𝑈0 = 𝑈𝐴⊗𝑈𝐵 stands for unitary operator having in mind standard quantum-

mechanics equality 𝑈𝑚 = 𝑒
−𝑖
ℏ
𝑡𝐻𝑚    where     𝑚 = 𝐴,𝐵. Writing Eq. (16) in explicit form leads 

to the expression    𝐻̃𝐴𝐵 = ∑ ∑ 𝐴𝑙(𝜔)𝜔 𝑒−𝑖𝜔𝑡⊗∑ 𝐵𝑙(𝛺)𝛺𝑚 𝑒−𝑖𝛺𝑚𝑡𝑙   with  operators:  

 

𝐴𝑙(𝜔) = ∑ |𝜀𝐴⟩⟨𝜀𝐴|𝐴𝑙|𝜀𝐴
′ ⟩⟨𝜀𝐴

′ |𝜀𝐴−𝜀𝐴
′ =ℏ𝜔                                                                                  (17) 

 

and  

 

𝐵𝑙(𝛺𝑚) = ∑ |𝜀𝐵⟩⟨𝜀𝐵|𝐵𝑙|𝜀𝐵
′ ⟩⟨𝜀𝐵

′ |𝜀𝐵−𝜀𝐵
′ =ℏ𝛺𝑚

.                                        (18) 

 

In Eqs. (17) and (18)  𝜔 and 𝛺 represent open system and environment frequencies, 

respectively, while 𝜀𝐴 is running through the discrete spectrum of 𝐻𝐴 and  𝜀𝐵 is running through 

the discrete spectrum of 𝐻𝐵. Operators 𝐴𝑙(𝜔)  from  Eq. (17) are just those from Eq. (15), so  

Eq. (17) can be considered as defining equation.  

The properties of the environment are encapsulated in Fourier transformation of 

correlation functions which is defined as  〈𝐵̃𝑘
†(𝑡)𝐵̃𝑙(𝑡 − 𝑠)〉 = 𝑡𝑟[𝐵̃𝑘

†(𝑡)𝐵̃𝑙(𝑡 − 𝑠)𝜌𝐵], in 

general (BREUER and PETRUCCIONE, 2002; RIVAS and HUELGA, 2011). If the state of the 

environment is stationary (here thermodynamic equilibrium) and equation [𝐻𝐵, 𝜌𝐵] = 0 holds, 

then previous equality simplifies 〈𝐵̃𝑘
†(𝑡)𝐵̃𝑙(0)〉 = 𝑡𝑟[𝐵̃𝑘

†(𝑡)𝐵𝑙𝜌𝐵].  The one-sided Fourier 

transformation of the correlation functions in this case reads: 
 

Γ𝑘𝑙(𝜔) = ∫ 𝑑𝑡𝑒𝑖𝜔𝑡
+∞

0
𝑡𝑟[𝐵̃𝑘

†(𝑡)𝐵𝑙𝜌𝐵].                                                                                    (19) 

 

It is convenient to decompose Eq. (19) as follows: 

 

𝛤𝑘𝑙(𝜔) =
1

2
 𝛾𝑘𝑙(𝜔) + 𝑖𝑆𝑘𝑙(𝜔).                                                                                                       (19a) 

 

For the stationary state (e.g. Eq. (13)) of the environment, functions γ𝑘𝑙(ω) are defined 

by the following equality in interaction picture: 

 

𝛾𝑘𝑙(𝜔) = ∫ 𝑑𝑡𝑒𝑖𝜔𝑡
+∞

−∞
𝑡𝑟[𝐵̃𝑘

†(𝑡)𝐵𝑙𝜌𝐵],                                                                                
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while defining equation for Lamb-shift Hamiltonian, 𝐻𝐿𝑆, reads (BREUER and 

PETRUCCIONE, 2002; RIVAS and HUELGA, 2011): 
 

𝐻𝐿𝑆 = ∑ ∑ 𝑆𝑘𝑙𝑘,𝑙 (𝜔)𝐴𝑘
†(𝜔)𝜔 𝐴𝑙(𝜔); 

 

so having expressions for 𝛤𝑘𝑙(𝜔) and 𝛾𝑘𝑙(𝜔) automatically yields an expression for 

𝑆𝑘𝑙(𝜔). 
For the present model, an interaction Hamiltonian of the form 𝐻𝐴𝐵 = 𝐴⨂𝐵 results in 

simplified expressions for the decay rates and the Lamb shift: 

 

 

𝛾(𝜔) = ∫ 𝑑𝑡𝑒𝑖𝜔𝑡
+∞

−∞
𝑡𝑟[𝐵̃(𝑡)𝐵𝜌𝐵],                                                                                                     (20) 

and  

 

𝐻𝐿𝑆 = ∑ 𝑆(𝜔) 𝐴†(𝜔)𝐴(𝜔)𝜔 ,      (21) 

which will be of immediate interest further on. 

 

 

COMPUTATIONAL DETAILS 

 

The first step is solving eigenvalue problem of open system Hamiltonian  𝐻𝐴, i.e. 

𝐻𝐴|𝜖𝑖⟩ = 𝜖𝑖|𝜖𝑖⟩. It is not hard to check that set of eigenvalues and eigenvectors are those given 

in Table 1, whence it is noted that eigenvectors are tensor product of eigenstates of the 𝑆𝑧 
operator, |𝑔⟩ and |𝑒⟩. 

From general expression 𝐴(𝜔) = ∑ |𝜀𝑖⟩⟨𝜀𝑖|𝐴|𝜀𝑗⟩⟨𝜀𝑗|𝜔=𝜀𝑗−𝜀𝑖
   follows that it is necessary 

to write down all differences of eigenvalues 𝜀𝑗 − 𝜀𝑖. To be more tractable those data are 

presented in Table 2. 
 

Table 1 Eigenvalues and eigenvectors of open system's Hamiltonian. 

 

Eigenvalues Eigenvectors 

𝜖1 =
𝛽

4
−
3𝜔0
2

 |𝜖1⟩ = |𝑔⟩|𝑔⟩|𝑔⟩ 

𝜖2 =
𝛽

4
−
𝜔0
2

 |𝜖2⟩ = |𝑔⟩|𝑔⟩|𝑒⟩ 

𝜖3 = −
𝛽

4
−
𝜔0
2

 |𝜖3⟩ = |𝑔⟩|𝑒⟩|𝑔⟩ 

𝜖4 =
𝛽

4
+
𝜔0
2

 |𝜖4⟩ = |𝑔⟩|𝑒⟩|𝑒⟩ 

𝜖5 = −
𝛽

4
−
𝜔0
2

 |𝜖5⟩ = |𝑒⟩|𝑔⟩|𝑔⟩ 

𝜖6 = −
𝛽

4
+
𝜔0
2

 |𝜖6⟩ = |𝑒⟩|𝑔⟩|𝑒⟩ 

𝜖7 =
𝛽

4
+
𝜔0
2

 |𝜖7⟩ = |𝑒⟩|𝑒⟩|𝑔⟩ 

𝜖8 =
𝛽

4
+
3𝜔0
2

 |𝜖8⟩ = |𝑒⟩|𝑒⟩|𝑒⟩ 
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A closer look at Table 2 shows that there are mutually equal differences 𝜀𝑗 − 𝜀𝑖. For 

example,  

ε1 − ε2 = −ω0,  ε2 − ε7 = − ω0, ε3 − ε4 = − ω0, ε3 − ε6 = − ω0, ε5 − ε4 = − ω0, ε5 −
ε6 = − ω0, ε7 − ε8 = −ω0. For this particular frequency,  −ω0, Eq. (17) takes the form: 

𝐴(−𝜔0) = |𝜀2⟩⟨𝜀2|𝐴|𝜀1⟩⟨𝜀1| + |𝜀7⟩⟨𝜀7|𝐴|𝜀2⟩⟨𝜀2| + |𝜀4⟩⟨𝜀4|𝐴|𝜀3⟩⟨𝜀3| + |𝜀6⟩⟨𝜀6|𝐴|𝜀3⟩⟨𝜀3| + 

+|𝜀4⟩⟨𝜀4|𝐴|𝜀5⟩⟨𝜀5| + |𝜀6⟩⟨𝜀6|𝐴|𝜀5⟩⟨𝜀5| + |𝜀8⟩⟨𝜀8|𝐴|𝜀7⟩⟨𝜀7|,  
bearing in mind that 𝐴 = 𝑆1𝑥 + 𝑆2𝑥 + 𝑆3𝑥. 

All in all, following the Table 2 becomes clear that it is  needed to find the following 

operators: 𝐴(0), 𝐴(±𝜔0), 𝐴(±2𝜔0), 𝐴(±3𝜔0), 𝐴 (±
𝛽

2
), 𝐴 (±

𝛽−2𝜔0

2
), 𝐴 (±

𝛽+2𝜔0

2
), 

𝐴 (±
𝛽−4𝜔0

2
) and 𝐴 (±

𝛽+4𝜔0

2
). Having in mind relation [𝐴(−𝜔)]† = 𝐴(𝜔), it is enough to 

calculate frequencies with negative signs. With the help of expressions for spin operators (see 

Appendix 1), after some algebra, follows that non-zero contributions come from operators 

𝐴(±𝜔0), 𝐴 (±
𝛽−2𝜔0

2
) and  𝐴 (±

𝛽+2𝜔0

2
), i.e.: 

𝐴(±𝜔0) = 𝐼1⨂𝐼2⨂
1

2
𝑆3∓, 

𝐴 (±
𝛽−2𝜔0

2
) =

1

2
𝑆1±⨂

1

2
(𝐼2 + 2𝑆2𝑧)⨂𝐼3 +

1

2
(𝐼1 + 2𝑆1𝑧)⨂

1

2
𝑆2±⨂𝐼3, 

𝐴 (±
𝛽+2𝜔0

2
) =

1

2
𝑆1∓⨂

1

2
(𝐼2 − 2𝑆2𝑧)⨂𝐼3 +

1

2
(𝐼1 − 2𝑆1𝑧)⨂

1

2
𝑆2∓⨂𝐼3.                              (22) 

 
Table 2 Eigenvalue differences. 

 

ε1 − ε2 = −ω0 

ε1 − ε3 =
β − 2ω0
2

 

ε1 − ε4 =
β − 4ω0
2

 

ε1 − ε5 =
β − 2ω0
2

 

ε1 − ε6 =
β − 4ω0
2

 

ε1 − ε7 = – 2ω0 

ε1 − ε8 = – 3ω0 

ε2 − ε1 = ω0 

ε2 − ε3 =
β

2
 

ε2 − ε4 =
β − 2ω0
2

 

ε2 − ε5 =
β

2
 

ε2 − ε6 =
β − 2ω0
2

 

ε2 − ε7 = − ω0 

ε2 − ε8 = − 2ω0 

ε3 − ε1 = ω0 −
β

2
 

ε3 − ε2 = −
β

2
 

ε3 − ε4 = − ω0 

ε3 − ε5 =    0 

ε3 − ε6 = − ω0 

ε3 − ε7  =  −
β + 2ω0
2

 

ε3 − ε8 = −
β + 4ω0
2

 

ε4 − ε1 = −
β− 4ω0

2
 

ε4 − ε2 = −
β− 2ω0

2
 

ε4 − ε3 = ω0 

ε4 − ε5 =  ω0 

ε4 − ε6 = 0 

ε4 − ε7 = −
β

2
 

ε4 − ε8 = −
β + 2ω0
2

 

ε5 − ε1 = −
β + 2ω0
2

  

ε5 − ε2 = −
β

2
 

ε5 − ε3 = 0 

ε5 − ε4 = − ω0 

ε5 − ε6 = − ω0 

ε5 − ε7 = −
β + 2ω0
2

 

ε5 − ε8 = −
β + 4ω0
2

 

ε6 − ε1 = −
β − 4ω0
2

 

ε6 − ε2 = −
β − 2ω0
2

 

ε6 − ε3 = ω0 

ε6 − ε4 = 0 

ε6 − ε5 = ω0 

ε6 − ε7 = −
β

2
 

ε6 − ε8 = −
β + 2ω0
2

 

ε7 − ε1 = 2ω0 

ε7 − ε2 = ω0 

ε7 − ε3 = 
β+2ω0

2
 

ε7 − ε4 = 
β

2
 

ε7 − ε5 = 
β+2ω0

2
 

ε7 − ε6 = 
β

2
 

ε7 − ε8 = −ω0 
 

ε8 − ε1 = 3ω0 

ε8 − ε2 = 2ω0 

ε8 − ε3 = 
β + 4ω0
2

 

ε8 − ε4 = 
β + 2ω0
2

 

ε8 − ε5 = 
β+4ω0

2
 

ε8 − ε6 = 
β + 2ω0
2

 

ε8 − ε7 = ω0 

 

Having Eqs. (22), next to be calculated is function Γ(𝜔).  The environment degrees of 

freedom in  interaction   Hamiltonian are represented by operator 𝐵 = ∑ 𝑔
𝑘
→ (𝑏

𝑘
→
† + 𝑏

𝑘
→)

𝑘
→  which 

in interaction picture takes the  form  𝐵̃(𝑡) = ∑ 𝑔
𝑘
→ (𝑏

𝑘
→
† 𝑒𝑖 𝑡 𝛺𝑘 + 𝑏

𝑘
→𝑒

−𝑖 𝑡 𝛺𝑘)
𝑘
→ . Putting these two 

into 𝛤(𝜔) = ∫ 𝑑𝑡𝑒𝑖𝜔𝑡
+∞

0
𝑡𝑟[𝐵̃(𝑡)𝐵𝜌𝐵] and making use of Eqs. (14) follows: 

𝛤(𝜔) = ∑ ∫ 𝑑𝑡
+∞

0𝑘
→  𝑔

𝑘
→
2 〈𝑛

𝑘
→〉 𝑒

𝑖𝑡(𝜔+𝛺𝑘)  + ∑ ∫ 𝑑𝑡
+∞

0𝑘
→  𝑔

𝑘
→
2 (1 + 〈𝑛

𝑘
→〉)𝑒

𝑖𝑡(𝜔−𝛺𝑘).        (23) 
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Similarly, the expression for decay rate function read:  

 

𝛾(𝜔) = ∑ ∫ 𝑑𝑡
+∞

−∞𝑘
→  𝑔

𝑘
→
2 〈𝑛

𝑘
→〉 𝑒

𝑖𝑡(𝜔+𝛺𝑘)  + ∑ ∫ 𝑑𝑡
+∞

−∞𝑘
→  𝑔

𝑘
→
2 (1 + 〈𝑛

𝑘
→〉)𝑒

𝑖𝑡(𝜔−𝛺𝑘).         (24) 

 

Integrals ∫ 𝑑𝑡
+∞

0
𝑒𝑖𝑡(𝜔±𝛺𝑘)  and ∫ 𝑑𝑡

+∞

−∞
𝑒𝑖𝑡(𝜔±𝛺𝑘)   are not well-defined  in sense of  

improper Riemann integrals, but  do make sense  in distribution theory–for details see (RIVAS 

and HUELGA, 2011) and references therein. Here, we are interested in final forms of those 

integrals, which read:  
 

 ∫ 𝑑𝑡
+∞

0
𝑒𝑖𝑡(𝜔±𝛺𝑘) =

𝑖

𝜔±𝛺𝑘
+ 𝜋𝛿(𝜔 ± 𝛺𝑘)   

and 

 

 ∫ 𝑑𝑡
+∞

−∞
𝑒𝑖𝑡(𝜔±𝛺𝑘) = 2𝜋𝛿(𝜔 ± 𝛺𝑘),  

where 𝛿 denotes Dirac delta function.  

 

Making use of these integrals, Eqs. (23) and (24) transform into expressions: 

 

𝛤(𝜔) = ∑ 𝑔
𝑘
→
2 〈𝑛

𝑘
→〉 (

𝑖

𝜔+𝛺𝑘
+ 𝜋𝛿(𝜔 + 𝛺𝑘))

𝑘
→  + ∑ 𝑔

𝑘
→
2 (1 + 〈𝑛

𝑘
→〉) (

𝑖

𝜔−𝛺𝑘
+ 𝜋𝛿(𝜔 −

𝑘
→

𝛺𝑘))                                                                                                                                                 (25) 

and  

𝛾(𝜔) = 2𝜋 ∑ 𝑔
𝑘
→
2 〈𝑛

𝑘
→〉 𝛿(𝜔 + 𝛺𝑘)

𝑘
→  + 2𝜋 ∑ 𝑔

𝑘
→
2 (1 + 〈𝑛

𝑘
→〉)𝛿(𝜔 − 𝛺𝑘)

𝑘
→ ,                    (26) 

 

respectively.  Comparing last two expressions with Eq. (19a) follows equation for 𝑆(𝜔): 

𝑆(𝜔) = ∑ 𝑔
𝑘
→
2  (

〈𝑛
𝑘
→〉

𝜔+𝛺𝑘
+
1+〈𝑛

𝑘
→〉

𝜔−𝛺𝑘
)

𝑘
→  .                                                                                          (27) 

 

At this point it is convenient to switch from sums over modes in Eqs. (25) and (26) to 

integrals. Justification for doing this comes from two reasons. First reason is of formal nature: 

it is easier mathematically to handle integrals than sums. The second reason is physical: the 

bath has vast degrees of freedom making the spectrum of 𝐻𝐵 practically continuous.  Eqs. (26) 

and (27) now read: 

 

𝛾(𝜔) = ∫ 𝑑𝛺 𝐽
∞

0
(𝛺)〈𝑛(𝛺)〉𝛿(𝜔 + 𝛺) + ∫ 𝑑𝛺 𝐽

∞

0
(𝛺)(1 + 〈𝑛(𝛺)〉)𝛿(𝜔 − 𝛺),  i.e. 

𝛾(𝜔) = {
𝐽(|𝜔|)〈𝑛(|𝜔|)〉, 𝜔 < 0  

𝐽(|𝜔|)(1 + 〈𝑛(|𝜔|)〉), 𝜔 ≥ 0 
                                                                                       (28) 

and 

𝑆(𝜔) = ∫ 𝑑𝛺 𝐽
∞

0
(𝛺) (

〈𝑛(𝛺)〉

𝜔+𝛺
+
1+〈𝑛(𝛺)〉

𝜔 − 𝛺
).                                                                                (29) 

 

In the context of a bosonic bath, negative frequencies correspond to the physical process 

of the system absorbing energy from the bath, while positive frequencies describe the system 

emitting energy into the bath. Here, 𝐽(𝛺) is the so-called spectral density of the bath and 

contains information about the strength of coupling per frequency.  Basically,  𝐽(𝛺) occurs by 

smoothing 𝑔
𝑘
→
2 . Just as an example, the so-called ohmic spectral density is given by the equation: 

𝐽(𝛺) = 2𝜋∑ 𝑔
𝑘
→
2 𝛿(𝛺 − 𝛺𝑘)

𝑘
→

𝑦𝑖𝑒𝑙𝑑𝑠
→    𝐽(𝛺)= 2𝜋𝛼𝛺𝑒−𝛺 𝛺𝑐⁄                                                      (30) 
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where 𝛼 is a constant that modifies strength of interaction and 𝛺𝑐 is cut-off frequency (RIVAS 

et al., 2010). Spectral density, Eq. (29), is well suited for Markovian dynamics, especially for 

the bath at high temperatures.  Nevertheless, other choices of spectral densities can be made but 

with the caveat that the validity of the master equation itself may be brought into question. We 

will not pursue further questions about explicit form and properties of spectral density: these 

questions are important when it comes to analysis of dynamics governed by master equation, 

whether numerically or analytically. 

Using formula Eq. (21) and operators Eqs. (22) it is possible to show (by simple, but 

tedious algebra) that expression for Lamb shift takes the form: 

𝐻𝐿𝑆 = ∑ 𝑐𝑖𝐺𝑖
7
𝑖=1 , 

where  

𝑐1 =
ℏ2(3𝑆(𝜔0)+ℏ

2𝑆(𝜔0)−2𝕀𝜔0)

2√2
, 𝑐2 =

2𝕀ℏ2𝜔0

√2
, 𝑐3 =

ℏ2((1+ℏ)2𝑆(𝜔0)−4𝕀ℏ𝜔0)

4√2
,  

𝑐4 =
ℏ2((1+ℏ)2𝑆(𝜔0)−4𝕀ℏ𝜔0)

4√2
, 𝑐5 =

−2ℏ3(𝕀𝛽+𝑆(𝜔0)−2𝕀𝜔0)

√2
, 𝑐6 =

ℏ2(2𝕀𝛽ℏ+(1+ℏ)2𝑆(𝜔0)−4𝕀ℏ𝜔0)

4√2
,  

 𝑐7 =
ℏ2(2𝕀𝛽ℏ+(1+ℏ)2𝑆(𝜔0)−4𝕀ℏ𝜔0)

4√2
                                                                                                            (31) 

and 

 

𝐺1 =
1

2√2
𝐼1⨂𝐼2⨂𝐼3, 𝐺2 =

2

ℏ
𝐼1⨂𝐼2⨂𝑆3𝑧,  𝐺3 =

2

ℏ
𝐼1⨂𝑆2𝑧⨂𝐼3, 𝐺4 =

2

ℏ
𝑆1𝑧⨂𝐼2⨂𝐼3,  

𝐺5 =
√2

ℏ2
𝑆1𝑧⨂𝑆2𝑧⨂𝐼3, 𝐺6 =

√2

ℏ2
𝑆1𝑥⨂𝑆2𝑥⨂𝐼3, 𝐺7 =

√2

ℏ2
𝑆1𝑦⨂𝑆2𝑦⨂𝐼3.                                (32) 

 

In above expressions,  𝑆(𝜔0) is defined by Eq. (29), 𝕀 = ∫ 𝑑𝛺 𝐽
∞

0
(𝛺)

𝜔(1+2〈𝑛(𝛺)〉)+𝛺

𝜔2 −𝛺2
 and 

𝛽 is intercoupling constant introduced in The model  section. 

 

The desired master equation for three qubits immersed in thermal, bosonic bath takes 

the simplified form: 

 
𝑑𝜌̃𝐴

𝑑𝑡
= −

𝑖

ℏ
[𝐻𝐿𝑆, 𝜌̃𝐴] + ∑ γ(ω) (𝐴(ω)𝜌̃𝐴𝐴

†(ω) −
1

2
{𝐴†(ω)𝐴(ω), 𝜌̃𝐴})ω ,                         (33) 

 

where ω runs through allowed positive and negative frequencies.  

In the literature, it is common for master equations concerning qubit systems to be 

expressed in terms of Pauli operators, 𝜎⃗, bearing in mind that 𝑆 =
ℏ

2
𝜎⃗. Therefore, the final form 

of the master equation will also be written in this way here, considering the identity 𝜎±𝜎∓ =
2(1 ∓ 𝜎𝑧).  Clearly, it is understood that the Lamb shift     is also expressed in terms of Pauli 

operators. So, interaction-picture quantum Markovian master equation reads: 

 
𝑑𝜌̃𝐴
𝑑𝑡

= −
𝑖

ℏ
[𝐻𝐿𝑆 , 𝜌̃𝐴] +

𝜸(𝝎𝟎)

𝟏𝟔
(𝐼1⨂𝐼2⨂𝜎3−𝜌̃𝐴𝐼1⨂𝐼2⨂𝜎3+ −

1

2
{𝐼1⨂𝐼2⨂𝜎3+𝜎3−, 𝜌̃𝐴})      

+
𝜸(−𝝎𝟎)

𝟏𝟔
(𝐼1⨂𝐼2⨂𝜎3+𝜌̃𝐴𝐼1⨂𝐼2⨂𝜎3− −

1

2
{𝐼1⨂𝐼2⨂𝜎3−𝜎3+, 𝜌̃𝐴}) 

+
𝜸(
𝜷 − 𝟐𝝎𝟎

𝟐
)

𝟔𝟒
((𝜎1+⨂

𝜎2−𝜎2+
2

⨂𝐼3 +
𝜎1−𝜎1+
2

⨂𝜎2+⨂𝐼3) 𝜌̃𝐴 (𝜎1−⨂
𝜎2−𝜎2+
2

⨂𝐼3 +
𝜎1−𝜎1+
2

⨂𝜎2−⨂𝐼3)

−
1

2
{(𝜎1−⨂

𝜎2−𝜎2+
2

⨂𝐼3 +
𝜎1−𝜎1+
2

⨂𝜎2−⨂𝐼3) (𝜎1+⨂
𝜎2−𝜎2+
2

⨂𝐼3 +
𝜎1−𝜎1+
2

⨂𝜎2+⨂𝐼3) , 𝜌̃𝐴}) 
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+
𝜸(−

𝜷 − 𝟐𝝎𝟎
𝟐

)

𝟔𝟒
((𝜎1−⨂

𝜎2−𝜎2+
2

⨂𝐼3 +
𝜎1−𝜎1+
2

⨂𝜎2−⨂𝐼3) 𝜌̃𝐴 (𝜎1+⨂
𝜎2−𝜎2+
2

⨂𝐼3 +
𝜎1−𝜎1+
2

⨂𝜎2+⨂𝐼3)

−
1

2
{(𝜎1+⨂

𝜎2−𝜎2+
2

⨂𝐼3 +
𝜎1−𝜎1+
2

⨂𝜎2+⨂𝐼3) (𝜎1−⨂
𝜎2−𝜎2+
2

⨂𝐼3 +
𝜎1−𝜎1+
2

⨂𝜎2−⨂𝐼3) , 𝜌̃𝐴}) 

+
𝜸(
𝜷 + 𝟐𝝎𝟎

𝟐
)

𝟔𝟒
((𝜎1−⨂

𝜎2+𝜎2−
2

⨂𝐼3 +
𝜎1+𝜎1−
2

⨂𝜎2−⨂𝐼3) 𝜌̃𝐴 (𝜎1+⨂
𝜎2+𝜎2−
2

⨂𝐼3 +
𝜎1+𝜎1−
2

⨂𝜎2+⨂𝐼3)

−
1

2
{(𝜎1+⨂

𝜎2+𝜎2−
2

⨂𝐼3 +
𝜎1+𝜎1−
2

⨂𝜎2+⨂𝐼3) (𝜎1−⨂
𝜎2+𝜎2−
2

⨂𝐼3 +
𝜎1+𝜎1−
2

⨂𝜎2−⨂𝐼3) , 𝜌̃𝐴}) 

+
𝜸(−

𝜷 + 𝟐𝝎𝟎
𝟐

)

𝟔𝟒
((𝜎1+⨂

𝜎2+𝜎2−
2

⨂𝐼3 +
𝜎1+𝜎1−
2

⨂𝜎2+⨂𝐼3) 𝜌̃𝐴 (𝜎1−⨂
𝜎2+𝜎2−
2

⨂𝐼3 +
𝜎1+𝜎1−
2

⨂𝜎2−⨂𝐼3)

−
1

2
{(𝜎1−⨂

𝜎2+𝜎2−
2

⨂𝐼3 +
𝜎1+𝜎1−
2

⨂𝜎2−⨂𝐼3) (𝜎1+⨂
𝜎2+𝜎2−
2

⨂𝐼3 +
𝜎1+𝜎1−
2

⨂𝜎2+⨂𝐼3) , 𝜌̃𝐴}) 

                                                                                                                                                                              (34) 

 

Having quantum master equation at hand is half of task: solution of master equation Eq. 

(34) (to be presented elsewhere) is needed for further use and analysis. We will now briefly 

comment on possible approaches in this regard.  

The obtained master equation is local in time, with time-independent decay rates and 

Lindblad operators. Nevertheless, solving this equation is associated with some computational 

challenges. 

By the solution of the master equation, we refer to the Kraus decomposition (RIVAS and 

HUELGA, 2011): 

 

𝜌(𝑡) = ∑ 𝐾𝑖(𝑡)𝜌(0)𝐾𝑖
†(𝑡)𝑑2

𝑖=1 ,                                                                                                                (35) 

 

which follows from Kraus’ theorem, which asserts that any CPTP dynamics can be cast 

in the above form. 𝐾𝑖(𝑡) are so-called Kraus’ operators, while 𝑑 denotes dimension of state 

space of open quantum system. 

The method for obtaining Kraus decomposition when the master equation is known (and 

vice versa) is presented in (ANDERSSON et al., 2007). It turns out that, in the case of three qubits 

considered in this paper, the method involves the use of 64×64 matrices with highly complex 

matrix elements, which poses a computational challenge even for specialized mathematical 

software.  In other words, dimension of the problem increases exponentially with the system 

size. Obtaining Kraus decomposition is preferable whenever an assessment or verification of 

the algebraic properties of the dynamics of an open quantum system is required, irrespective of 

the physical aspects of interest — be they thermodynamic, optical, of any other nature.  

Otherwise, the quantum master equation can be solved using numerical methods. Let us 

mention two possibilities.  Using the procedure known as quantum unravelling of the master 

equation (BREUER and PETRUCCIONE, 2002) has advantage that instead working with the 

statistical operator everything shifts to the wave functions (each of them undergoing “quantum 

trajectory”). In this way, saving in computational resources is quadratic: from ∼ 𝑑2 parameters 

for density matrix to ∼ 𝑑 parameters for wave function. This is especially convenient for finite-

dimensional quantum systems: it is relatively easy to make computations using methods of 

numerical linear algebra. 

On the other hand, quantum master equation can be expressed by systems of partial 

differential equations. One of the most popular approaches for solving systems of partial 

differential equations is the 4th-order Runge-Kutta algorithm. By integrating master equation, 

the density operator of open quantum system can be obtained at any time 𝑡. Some details about 

this and other numerical algorithms can be found in (PRESS et al., 2007), with a discussion of 
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the advantages and limitations of the methods. Of course, alternative methods and approaches 

found in contemporary literature also merit investigation; the discussion above is intended 

merely to illustrate the established procedure in the numerical solution of the master equation. 

 

Formally, the equation Eq. (34) can also be recast in a time-dependent form, where the 

decay rates are specified a priori, based on certain phenomenological considerations, for 

example. This, in turn, may lead into the realm of non-Markovian dynamics through the lenses 

of quantum thermodynamics, to name just one possibility. 

 

 

CONCLUSION 

 

In this paper, a Markovian quantum master equation for three qubits in thermal 

equilibrium with the environment has been derived. The resulting master equation may be of 

interest for problems in e.g. quantum thermodynamics or quantum optics, within either an 

analytical or numerical approach.  
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Appendix 1:  

 

Dyadic expressions for spin-
1

2
 operators are given by well-known equalities: 

𝐼 = |𝑔⟩⟨𝑔| + |𝑒⟩⟨𝑒|,  

𝑆𝑧 =
ℏ

2
(|𝑔⟩⟨𝑔| − |𝑒⟩⟨𝑒|), 

𝑆𝑥 =
ℏ

2
(|𝑔⟩⟨𝑒| + |𝑒⟩⟨𝑔|)  and 

𝑆𝑦 =
𝑖ℏ

2
(|𝑔⟩⟨𝑒| − |𝑒⟩⟨𝑔|). 

From these equalities, dyadic form of spin raising and lowering operators follows: 

𝑆+ = 𝑆𝑥 + 𝑖𝑆𝑦 = ℏ|𝑒⟩⟨𝑔|, 

 𝑆− = 𝑆𝑥 − 𝑖𝑆𝑦 = ℏ|𝑔⟩⟨𝑒|, 

as well as expressions: 

|𝑔⟩⟨𝑔| =
1

2
(𝐼 +

2𝑆𝑧

ℏ
), 

|𝑒⟩⟨𝑒| =
1

2
(𝐼 −

2𝑆𝑧

ℏ
). 

 

To meet specific requirements of calculations in this paper, it is useful to have in mind 

relations: 

(𝐼 +
2𝑆𝑧

ℏ
)
2

=
2

ℏ
(ℏ𝐼 + 2𝑆𝑧) = 4|𝑔⟩⟨𝑔|, 

(𝐼 −
2𝑆𝑧

ℏ
)
2

=
2

ℏ
(ℏ𝐼 −  2𝑆𝑧) = 4|𝑒⟩⟨𝑒|, 

𝑆−𝑆+ = ℏ
2|𝑔⟩⟨𝑔| =

ℏ2

2
(𝐼 +

2𝑆𝑧

ℏ
)  and 

𝑆+𝑆− = ℏ
2|𝑒⟩⟨𝑒| =

ℏ2

2
(𝐼 − 

2𝑆𝑧

ℏ
). 
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Appendix 2 
 

The aim of this Appendix is to outline the derivation of expressions Eqs. (14).  Having 

in mind that 𝜌𝐵 is separable state, i.e. tensor product of density operators for each of 𝑚 modes 

 

𝜌𝐵=𝜌1⨂𝜌2…⨂𝜌
𝑘
→… .⨂𝜌𝑚𝐵, 

it follows  〈𝑏
𝑘
→
† 〉 = 𝑡𝑟 [𝑏

𝑘
→
†𝜌𝐵] = 𝑡𝑟 [𝑏

𝑘
→
†𝜌1𝜌2. . . 𝜌

𝑘
→. . . . 𝜌𝑚𝐵] = 𝑡𝑟 [𝑏

𝑘
→
†𝜌

𝑘
→], where the 

identity 𝑡𝑟[𝐴1⨂𝐴2…⨂𝐴𝑚] = 𝑡𝑟𝐴1𝑡𝑟𝐴2…𝑡𝑟𝐴𝑚  is used and the fact that 𝑡𝑟 [𝜌𝐵
𝑘
→] = 1, ∀𝑘⃗⃑.  

 

With use of the explicit form of density operator for mode with frequency 𝜔𝑘⃗⃑: 

𝜌
𝑘
→ = ∑ 𝑒

− 
ℏ𝜔
𝑘⃗⃑⃑
𝑛
𝑘⃗⃑⃑

𝑘𝐵𝑇 |𝑛𝑘⃗⃑⟩
∞
𝑘=0 ⟨𝑛𝑘⃗⃑|, 

the average value is: 

〈𝑏
𝑘
→
† 〉 = ∑ ⟨𝑛𝑘⃗⃑ |𝑏

𝑘
→
† 𝑒

− 
ℏ𝜔
𝑘⃗⃑⃑
𝑛
𝑘⃗⃑⃑

𝑘𝐵𝑇 | 𝑛𝑘⃗⃑⟩
∞
𝑘=0 = 0,                                                                                        (A2.1) 

by virtue of creation operator properties. In similar way it is possible to show that 
〈𝑏

𝑘
→〉 = 0. 

By definition,  〈𝑏
𝑘
→
† 𝑏

𝑘′
→ 〉 = 𝑡𝑟 [𝑏

𝑘
→
† 𝑏

𝑘′
→ 𝜌𝐵]  and using separability of state 𝜌𝐵  follows:  

 

〈𝑏
𝑘
→
† 𝑏

𝑘′
→ 〉 = 𝑡𝑟 [𝑏

𝑘
→
† 𝑏

𝑘′
→ 𝜌1𝜌2. . . 𝜌

𝑘
→𝜌

𝑘′
→ . . . . 𝜌𝑚𝐵] = 𝑡𝑟 [𝑏

𝑘
→
†𝜌

𝑘
→𝑏

𝑘′
→ 𝜌

𝑘′
→ ] = 〈𝑏

𝑘
→
† 〉 〈𝑏

𝑘′
→ 〉 = 0. 

 

In  case of  𝑘⃗⃑ = 𝑘⃗⃑′: 

〈𝑏
𝑘
→
† 𝑏

𝑘
→〉 ≝ 〈𝑛

𝑘
→〉 = 𝑡𝑟 [𝑏

𝑘
→
†𝑏

𝑘
→𝜌𝐵] =

1

𝑍
∑ 𝑛𝑘𝑒

− 
ℏ𝜔𝑘𝑛𝑘
𝑘𝐵𝑇 =

1

𝑒

ℏ𝜔
𝑘⃑⃑ 

𝑘𝐵𝑇−1

∞
𝑘=0 , so, in one place:  

〈𝑏
𝑘
→
† 𝑏

𝑘′
→ 〉 = 〈𝑛

𝑘
→〉 𝛿

𝑘
→
𝑘′
→ .                                                                                                                              (A2.2) 

 

Using commutator relation [𝑏
𝑘
→, 𝑏

𝑘′
→ 
† ] = 𝛿

𝑘
→
𝑘′
→  with (A2.2) follows the equality:  

〈𝑏
𝑘
→𝑏

𝑘′
→ 
† 〉 = (1 + 〈𝑛

𝑘
→〉) 𝛿

𝑘
→
𝑘′
→  .  

The rest of identities can be obtained by similar line of reasoning. 


