Kragujevac J. Sci. 46 (2024) 5-28 UDC 551.511.33:524.882:515.173.6
doi: 10.5937/KgJSci2401005F Original scientific paper

ABOUT THERMODYNAMICS OF SCHWARZSCHILD BLACK HOLES
IN A THREE-DIMENSIONAL QUANTUM VACUUM
WITH GENERALIZED UNCERTAINTY RELATIONS

Davide Fiscaletti

SpaceLife Institute, Via Roncaglia, 35 — 61047 San Lorenzo in Campo (PU) Italy
Corresponding author; E-mail: spacelife.institute@gmail.com

(Received Jul 19, 2023; Accepted November 03, 2023)

ABSTRACT. By considering a modified version of generalized uncertainty relations in
the model of a three-dimensional dynamic quantum vacuum characterized by a variable
energy density, new relevant perspectives of analysis of the thermodynamics of
Schwarzschild black holes are explored. The dependence of temperature and entropy of a
Schwarzschild black hole with the variable quantum vacuum energy density is analyzed.
Finally, the thermodynamics of Schwarzschild black holes surrounded by quintessence is
studied in a picture where quintessence, and thus dark energy, is the manifestation of
more elementary quantum vacuum energy density fluctuations as well as a state
parameter of the vacuum.

Keywords: generalized uncertainty relations, three-dimensional dynamic quantum
vacuum, variable quantum vacuum energy density, Schwarzschild black holes.

INTRODUCTION

One of the most relevant and appealing consequences of quantum gravity theories lies
in the existence of a minimal measurable length that naturally generates a modification of the
Heisenberg position-momentum uncertainty relations at the Planck scale. Different proposals
of modification of the Heisenberg uncertainty relations exist which introduce a minimal-
length scenario (MAGGIORE, 1993; KEMPF et al., 1995; ADLER and SANTIAGO, 1999;
SCARDIGLI, 1999; CAPOZzZIELLO et al., 2000; CARR, 2015). These modified versions of the
uncertainty principle, which are known today with the expression Generalized Uncertainty
Principle (GUP), introduce important perspectives in various areas of theoretical physics. In
particular, they reveal themselves as an adequate instrument in order to study the
thermodynamic properties of black holes.

The influence of GUP at the Planck scale in the changes of the thermodynamic
properties of a black hole has been analysed in different contexts, such as in reference to the
formation of mini black holes in a consistent way with doubly special relativity (ALl, 2012;
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PRAMANIK et al., 2015), or in the exploration of the properties of quantum black holes in the
picture of a deformed version of Wheeler-DeWitt equation (BINA et al., 2010; MAJUMDER,
2011). The impact of GUP in the dynamics of the universe manifests itself also in determining
a correction to the relation between entropy and area, which turns out to be universal for all
black objects (FAIzAL and KHALIL, 2015) and in the context of black hole complementarity
(CHEN et al., 2014). Furthermore, it has been recently shown that a peculiar high-order
generalized uncertainty principle produces a modification of temperature, entropy, and
capacity of a semi-classical black hole (HASSANABADI et al., 2019a).

In this paper, the main purpose is to investigate how, in the model of a three-
dimensional (3D) dynamic quantum vacuum (DQV) proposed recently by the author, a
special form of extended generalized uncertainty relations can be formulated which leads to a
new re-reading of the thermodynamics of Schwarzschild black holes. This work is structured
in the following way. In section 2, after a review of the fundamental features of the model of
the 3D DQV, we enunciate our extended generalized uncertainty relations. In section 3, after
analysing the dependence of the mass of a Schwarzschild black hole with the variable
quantum vacuum energy density, we explore how the thermodynamic quantities of a
Schwarzschild black hole, namely temperature and entropy, are modified by the extended
generalized uncertainty relations in the 3D DQV model and we discuss their physical
meaning. In section 4 we explore the consequences of the generalized uncertainty relations of
the 3D DQV in the treatment of the thermodynamics of Schwarzschild black holes in the
presence of quintessence. In section 5 we summarize the main results of the paper and we
analyse the relation of our model with other relevant alternative approaches which invoke the
existence of minimal lengths and with current models of thermodynamics of black holes
surrounded by quintessence matter.

THE GENERALIZED UNCERTAINTY RELATIONS IN THE THREE-
DIMENSIONAL DYNAMIC QUANTUM VACUUM

By considering, for mirror-symmetric states, the deformed canonical commutation
relations expressed by

o 51 _ p2
[%.P]=in(1+B125) (1)
where P2 =¥, P? and X, P represent the high-energy position and momentum operators, in
PETRUZZIELLO and ILLUMINATI (2021) a generalized uncertainty relation has been proposed,
which predicts the existence of a minimal length, of the form

AxAp > 2[1 + B2 (%”)2] @)

where f is a deformation parameter expressing the space-time fluctuations at the Planck scale
and [, is the Planck length. The generalized uncertainty relation (2) has an important impact
as regards the explanation of relevant aspects of quantum measurement in a picture where the
decoherence rate turns out to be minimal in the deep quantum regime below the Planck scale
and maximal further than the mesoscopic regime. Moreover, it leads to the recover of the
standard quantum mechanical dynamics of a more general approach in the limit § — 0.

In the model of the 3D DQV proposed by the author in several recent works
(FISCALETTI and SoRrLI, 2014a, 2014b, 2016a, 2016b, 2016c, 2017, 2018; FISCALETTI, 2015,
2016a, 2016b, 2020) one has the possibility to introduce a new form of generalized

2
uncertainty relations where the quantity [1 + ﬁlf, (%p) ] appearing in equation (2) can get a
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new interpretation, at a deeper level, in terms of the fundamental variable energy density
which characterizes the 3D DQV. Our model of 3D DQV has the merit to derive ordinary
matter, dark matter and dark energy as special states of the 3D quantum vacuum, defined by a
Planckian metric and a variable quantum vacuum energy density, where time does not exist as
a primary physical reality but emerges as a mathematical parameter measuring only the
sequential numerical order of material changes and, in this picture, the variable energy density
can be associated to a deformation of the geometry of the underlying background which, at a
fundamental level, is expressed by generalized uncertainty relations.

The fundamental 3D DQV is defined by a ground state which is characterized by the
maximum value of the quantum vacuum energy density given by the Planck energy density

_ Mpic? _

ppr = 5~ = 4641266 10113] /m3 3)

(where Mp, is Planck’s mass, c is the light speed and | is Planck’s length). The appearance

of ordinary baryonic matter derives from an opportune excited state of the 3D quantum
vacuum which is characterized by an opportune diminishing of the quantum vacuum energy
density associated to elementary reduction-state (RS) processes of creation/annihilation of
virtual particle/antiparticle pairs, given by relation

mc?

Apgve = Ppg — P = v (4)
with respect to the ground state, depending on the amount of mass m and the volume V of

the particle. Each excited state of the DQV can be described by a wave function C = (i) at

two components satisfying a time-symmetric extension of the Klein-Gordon quantum
relativistic equation

H O
o -1 =0 )
V2
where H =(—h26"ay+c—2(quvE)2] and Apgyg is the change of the guantum vacuum

energy density, provides a mathematical description of each excited state of the DQV in a
picture where the quantum potential of the vacuum
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emerges as the ultimate entity guiding the occurrence of the processes of creation or
annihilation events in space and gives origin to a fundamental non-local character of the
background (FISCALETTI and SorLI, 2014b, 2017; FISCALETTI, 2016b).

Dark energy cannot be considered as a primary physical reality, but its action is an
emerging process that is generated by opportune quantum vacuum energy density fluctuations

Apqe on the basis of relation
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The dark energy density (7), which can be associated to the action of a cosmological
constant, is responsible of the curvature of space-time in the sense that the geometry of the 3D
quantum vacuum can be described by an underlying quantized metric

A2 A v

ds? =g, dx“dx (8)
where
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and, at the order O(r?),
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(FISCALETTI, 2016a, 2016b, 2020; FISCALETTI and SoRLI, 2016a, 2016b, 2016c).
2
Now, in our model, we assume that the term [1+ﬁl§ (%p) ] appearing in the

formalism (2) of the generalized uncertainty relations finds its origin in more fundamental
properties, namely the fluctuations of the quantum vacuum energy density (4). As a

consequence, the quantity (A ) in our model becomes p""E and therefore, in the 3D DQV,

one can introduce extended generalized uncertainty relatlons which are valid at the Planck
scale, of the form

2 2
AxAp > 2 (1 + p1z Lo ) (11)

W22

In equation (11) the parameter S is a fluctuating quantity which is associated with space-time
fluctuations at the Planck scale, in affinity with the treatment developed in quantum foam
scenarios such as loop quantum gravity and cellular automaton interpretation of quantum
mechanics (AMELINO-CAMELIA, 2002; ROVELLI, 2010; FISCALETTI, 2014; ‘T HooFT, 20014,
2001b; 2013, 2016; LIcATA, 2020).

The generalized uncertainty relations (11) have the merit to introduce new scenarios of
connection between great theories of the XXI century which are based on quantum foams,
loops and holographic features at the Planck scale. In particular, in our approach of 3D DQV,
the granular features of the geometry of the fundamental background can be formulated in
terms of the following relation

2C2

G (%) = Faoz,ev? ey (12)
where 1, is the metric of the 3D flat space. On the basis of equation (12), it follows that the
features regarding the density of Ioops of loop quantum gravity (RovELLI, 2004) can be

associated with the quantity BL2 ph"z”Ez depending on the variable energy density as well as

the parameter £, and therefore can be seen as the consequence of fundamental processes
concerning the virtual particles of the 3D DQV.

The generalized uncertainty relations (11) provide a unifying treatment of
microphysics of elementary particles and macrophysics of black holes in terms of a
generalized Compton wavelength of the form
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in a picture where three different regimes (super-Planckian, trans-Planckian and sub-
Planckian limits) can be derived as upper manifestations of specific behaviours of the
quantum vacuum energy density fluctuations. In light of equation (13), it follows that the
crucial connecting loop between microphysics and macrophysics is represented by elementary
objects of the Planck scale, which are generated by the geometry of the variable quantum
vacuum energy density. These elementary objects are sub-Planckian black holes having the
size of the order of the Compton wavelength. Moreover, the generalized uncertainty relations
lead also to a unifying treatment of the Casimir effect and cosmological wormholes between
two distant regions of the universe, in a picture where the curvature and scale factor of the
universe appear as emerging manifestations of the elementary fluctuations of the quantum
vacuum energy density as well as of the fluctuating parameter appearing in the generalized
uncertainty relations (FISCALETTI and SoRLI, 2023).

FROM THE GENERALIZED UNCERTAINTY RELATIONS TO THE MODIFIED
RELATIONS REGARDING THE TEMPERATURE AND THE ENTROPY OF
SCHWARZSCHILD BLACK HOLES

Black holes can be considered the most mysterious and suggestive objects existing in
the universe. As the properties of black holes began to emerge in the 1960s, researchers noted
that black holes had some similarities to thermodynamic systems, most notably that any mass
falling into a black hole would increase the area of the black hole, and its event horizon. In
particular, Hawking showed that black holes must have a real temperature proportional to
their surface gravity and an entropy proportional to the square of the black hole’s mass and
the area of the event horizon and that on the basis of the second law of thermodynamics, their
surface areas do not decrease. With these revolutionist premises, today the exploration of
some suitable features of black holes, such as Hawking temperature and mass functions, leads
to the conclusion that these systems do not violate the first law of thermodynamics. The
proportionality of the entropy of black holes with the area of the event horizon would then
have led in recent times to the holographic principle, the key capable of opening the access
door to quantum gravity, according to which all the information contained in a volume of
space is encoded on the surface of that volume. By inextricably unifying the speed of light,
Newton’s gravitational constant, and Planck’s constant, Bekenstein and Hawking showed that
the entropy of the universe remains constant or increases because entropy lost from regions
outside black holes is always compensated by an equal or greater increase in the black hole’s
entropy. On the basis of the Bekenstein and Hawking studies, black holes are
thermodynamical systems that emit radiation, and thus they must evaporate by means of what
is now called Hawking radiation (BARDEEN et al., 1973; BEKENSTEIN, 1973; HAWKING, 1975).
In fact, an interesting property of Schwarzschild black holes is that, as a consequence of their
negative heat capacity, will lose energy giving origin to the so-called black hole evaporation,
even if the final configuration is still an open question because the evaporation of a black hole
is associated with a corresponding disappearance of all the information inside the black hole
(UNRUH and WALD, 2017; MATUBARO DE SANTI and SANTARELLI, 2019). Possible alternatives
to this scenario lie in the possibility that the evaporation of the black hole occurs until its
length reaches the Planck scale, or the information results in a final burst, or that black holes
quantum tunnels into a white hole, or even that no black hole ever forms (for a review of these
perspectives, see, for example, the references UNRUH and WALD, 2017; BIANCHI et al., 2018).
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Recently, the issue of finding the quantum corrections to the black hole temperature,
entropy, and capacity has received much attention (see, for example, GANGOPADHYAY and
DUTTA, 2018; VAGENAS et al., 2018; HASSANABADI et al., 2019b). Here we want to open new
scenarios of interpretation of the thermodynamics of black holes (and in particular,
Schwarzschild black holes), in the picture of the generalized uncertainty relations of the 3D
DQV considered in section 2. In this regard, before all, by starting from the generalized
uncertainty relations (11), if one makes the substitution

h2c?
Ap - Ap + Zap (14)
one finds
2Mapym _ 2Ap
r T cAx ] (15)
where the quantity
__ ApgueV hc?

can be defined as the Arnowitt-Deser-Misner mass in the 3D DQV. The Arnowitt-Deser-
Misner mass (16) leads to define a quantum-modified Schwarzschild metric of the form

ds? = F(r)c2dt? — F(r)~tdr? — r2dQ? (17)
where

. 2GApquEV3 _ 212G
F@r)=1 Mp;?c8r BIZc2rAp quEV (18)

The metric (17) — equipped with equation (18) — has important consequences in the sense that
it leads to the following expression for the horizon size

26ApguE®V3 | 2h*GApguEV
Mpi*c® ﬁlgzaquvEVCZ
which, depending on the specific values of the quantum vacuum energy density, becomes

Ty = R;. = (19)

2GApgyE’V3
MplZC8

2.2
2U (14 o) if BpguV = Mprc? (20)

2 2002 -2
c BlyMpc

if ApgueV > Mpc?

Ty =
2Gh*
BLZco
The first expression of (20), namely

if ApgueV <K Mpc?

2GApque’V3

Mpi®c® (21)
regards the super-Planckian regime and corresponds to a regime which coincides with the
standard Schwarzschild radius. The intermediate expression regards the trans-Planckian limit,
which has a minimum of order [,,. The last expression is linked to the sub-Planckian regime
and corresponds to the Compton wavelength.

On the basis of the metric (17), equipped with equation (18), and taking into account
the treatment in CARR et al. (2015) and CARR (2018), one finds the following results as
regards the thermodynamics of the black hole solutions in the three limits considered above
(namely super-Planckian, trans-Planckian and sub-Planckian limits (FISCALETTI and SORLI,
2023):

ry =
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( Mp;c? .
P Moc2 \2 lf quvEV > ]\4Plc2
8TAPgvEV 1_'B<AP:117EV> ]
Mp?
T = =~ < Mp; . ~ 2 22
8TMipy sriegm U BPqueV = Mpic (22)
ApgveV . 2
if A V & Mpic
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On the basis of equation (22), the usual Hawking temperature derives from the large M =
APZ”E limit while, during the phase of evaporation of the black hole, the temperature reaches

a maximum at around Tp; and then decreases to zero as —— p""E - 0.

In the second part of this section, we want to show how the quantity (21) assumes an
important role in determining the properties of a Schwarzschild black hole, and particularly
the features of its thermodynamics in the picture of the generalized uncertainty relations (11).
In the regime where relation (21) holds, the function (18) appearing in the quantum-modified
Schwarzschild metric (17), becomes

_ 4 2GApgug°V?
Fr) =1-=55— (23)
and thus, the metric (17) reads
3,3 3,3\ "1
ds? = (1 - m”"—”) c2dt? — (1 - m’”—”) dr? — r2dQ? (24)
Mp“c®r Mp*c8r

By following PERIVOLAROPOULOS (2017), the quantity (21) leads to the following value for
the maximum mass of the black hole

ApgvE 3ys3
Mipax = 12 mmﬁ (25)
42Mp;”"c®

By invoking near-horizon geometry considerations, in the generalized uncertainty relation
(11) one can set Ax = 2mry, namely

47TGquvE3V3

Ax = "y 2t (26)

Moreover, one can utilize the temperature expression of any massless quantum particle near
the horizon of a Schwarzschild black hole

T =—Ap (27)
kp

in order to investigate the Hawking temperature of the black hole. By substituting equations
(26) and (27) into the generalized uncertainty relations (11), one thus obtains

4GP g V3 ok 2 DpgveV?
V20 kpT =21+ Bl —5 (28)
namely
— hMpi*c® 2 ApévEVZ
" 8nkpGApquE°V? (1 + Bl h2c2 (29)
namely
_ _MpAct 5 BpGyEV?
T = Ty (1+p22 (30)
where
hc3

To = Srcprrns (1)
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is the ordinary Hawking temperature of the black hole having mass M,,. The quantity (30)
can be defined as a modified Hawking temperature of Schwarzschild black holes described by
the metric (24), in the picture of the 3D DQV model. The modified Hawking temperature (30)
can also be expressed as a function of the maximum mass of the black hole (25):

ApqveV ApZyEV?
T_Mm” TO(1+[312 h‘gi ) (32)
Equation (32) implies that the term qu—”ECVZ associated with the quantum-modified

Schwarzschild metric, as well as the term Bl7 40g q”E assomated with the deformation of the

background at the Planck scale, modify the standard expression of the Hawking temperature.
In particular, it must be remarked that if the following constraint holds

Ap2 V3
ﬁlz £ ’;1264 -0 (33)
then the Hawking temperature reduces to the value:
M 2.4
T = Ap;;zcvz Ty (34)

which means that its value is affected by a sort of dilatation determined by the fluctuations of
the quantum vacuum energy density. Instead, if the quantum vacuum energy density
fluctuations reach the regime of the maximum value of the mass of the black hole (27),
namely if

quvEV - 1Wmaxc2 (35)
then the Hawking temperature may be written in the form

2 2
T=T, (1 + plz Lt ) (36)

h%c2

which, in the regime g — 0, reduces to the standard value

T=T, (37)

In the light of equation (36), in the limiting case where the quantum vacuum energy
density fluctuations are close to the maximum mass value, the modified Hawking temperature
reaches very large values compared to the usual one (while the standard Hawking temperature
is recovered in the limit g — 0). Instead, in the regime where the quantum vacuum energy
density fluctuations are smaller than the critical mass value, then the temperature of the black
hole has to be computed by using the general equation (32).

Next, we determine the Schwarzschild black hole entropy by considering the first law
of thermodynamics which is defined in the form of:

§ = ot (38)
namely, by substituting relation (29):

8kpGApque V3d(ApgvE)

s=vJ (39)
hMPlzc9<1+ﬁl§ ;’Z”CZ )
namely
8mkpGV*  Apgved(ApquE)
S = hM,izc‘3 f : - (40)
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By performing the integration, one obtains the following mathematical formulation for
the generalized entropy of a Schwarzschld black hole in the 3D quantum vacuum:

namely
_ 8mkpGVZh [, o 22 2 Apl,EV?
S = W quvE - Wln ,Blp W2 c2 +1 (41)

Here, taking account the expression of the Bekenstein-Hawking entropy for the
Schwarzschild black hole, given by relation

SO = 47TkB thz (42)
Pl
equation (41) may also be expressed as follows:
_ 2kpGh o _ _ kpGH® 2 8PgueV?
S - ,BlIZ;C3 0 TL',BZZ;*,MPZZC5 ln (ﬁlp hzcz + 1 (43)

In the light of relation (43), one can say that when 5 — 0 the generalized entropy of the black
hole in the 3D DQV, at the second order, may be approximated as

__ 2kgGh kBGhAPZuEVZ kgG ApngV4
§= Bl3c3 o nBEMp*c?  mMpic®  h (44)
The physical meaning of equation (44) is that the value of the generalized entropy of the black
hole overcomes important modifications with respect to the standard Bekenstein-Hawking
entropy, which are caused by the fluctuations of the quantum vacuum energy density as well
as the parameter S appearing in the generalized uncertainty relations. And, according to
equation (44), the modified entropy of a Schwarzschild black hole turns out to be
characterized by important changes with respect to the standard value also when the
fluctuations of the quantum vacuum energy density are negligible. In fact, for Apg,,r — 0, the
entropy (43) becomes

2kpGh
which means that also under the constraint of negligible energy density fluctuations, the
entropy of the black hole overcomes a sort of dilatation with respect to the standard

Bekenstein-Hawking entropy, with a factor of dilatation given by the quantity Z";‘jgf
14

dependent on the parameter describing the deformation of the geometry of the background as
well as on fundamental constants of physics.
It is appealing also to formulate the entropy of the black hole (43) in terms of the area

of the horizon. In fact, since the area of the horizon, being given by A = 41, ki IS
B

__ 8Gh 461°
e 0 nBR23Mp*cS

A

2 2
in (132245 + 1) (46)

h%c2

2 2
taking account that A, = 167 GC# by substituting (46) into (43), one obtains

_ kph kBGh3
2m26pME 53 0 mBRiiMpPcs

2 2
In (/3 2 bl 1) 47)

Here, one can observe that, in the limit § — 0, at the first order in a Taylor expansion, relation
(47) implies the following formulation of the area theorem in the 3D DQV:
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kgh kgGhAp2,pV?2
= Bz 2 0o : 2 qv:“ (48)
2m2GAMpl5c3 nBlEMp“c?
while, for Apg,r — 0, one obtains
kgh
> Ay (49)

- 2m2GBMp 15 c3
Finally, let us see how the heat capacity of the black hole is modified by the generalized
uncertainty relations (11). In this regard, by utilizing the following relation

1 oar \*
C= (— ) (50)

Vd(quvE)
one obtains

29 A 2 VZ
flTL’MPl 63 - 1+Bl§ pqzvi

1 ZkBGquUE \%4 h“c
C=|- (51)

%4 d[AquE]
namely

-1

1 3hTMp 2 c? Ap2,pV? nBRIEMp;2c?

|4 ZRBGquyE %6 h°c? kBGhquyE Vi
namely

2 -1
3hmMp;2c® nBlEMp;" c”
C=\- T4 2 (53)
2kpGApquE V4 ZkBGhquvE V2
namely
2kgGhhp VY

C=———— o PaE, . (54)

3n*mMpi*c+mBIEMp; c7ApguE*V?
Taking account of the standard expression of the heat capacity in terms of the variable

. Apgy?V?
guantum vacuum energy density C, = —8mkp ff;\’f >—, one has
Pl
GhAp quE?V?
= Co (55)

12h2n2c5+4nzﬁlf, ..... c30pque’V?
Equation (55) turns out to be compatible with the fact that the collapse of a black hole ends as
soon as the heat capacity function tends to zero. In the light of relation (55), this physical
situation occurs when Ap,,,; — 0, which corresponds to the situation of constant mass, called

also remnant mass, in the standard interpretation.

EFFECTS OF THE GENERALIZED UNCERTAINTY RELATIONS IN THE
THERMODYNAMICS OF SCHWARZSCHILD BLACK HOLES WITH
QUINTESSENCE

On the basis of the observational data, we know that the universe is characterized by a
phase of accelerated expansion which is associated whit a gravitationally self-repulsive dark
energy. In this regard, a possible candidate for dark energy is the so-called quintessence
matter, which provides a spatially inhomogeneous component of negative pressure to the
cosmological evolution of the universe and is defined by the equation of state
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P = wppg (56)
where P is the pressure, ppg is the energy density and —1 < w < —1/3. Since dark energy
should compose 70% of the energetic content of the universe, the perspective is opened that
quintessence matter is present all over the universe, and thus also around black holes.

The idea that the quantum fluctuations of the background metric of spacetime
determine the deformation of a Schwarzschild black hole was originally proposed in a
germinal work by KAazakov and SOLODUKHIN (1994). Then, in 2003 KISELEV explored the
Schwarzschild metric of black holes by considering the action of the quintessence field onto
the background. More recently, several authors have analysed the thermodynamics of
Schwarzschild black holes and the action of the quintessence associated with their
background (in this regard, the literature is very broad, we can cite for example the references
KISELEV, 2003; MA et al., 2007; CHEN et al., 2008; VARGHESE and KURIAKOSE, 2009; ZHANG

et al., 2009; SALEH et al., 2011; Yi1-HUAN and ZHONG-HuI, 2011; FERNANDO, 2012, 2013a,
2013b; THomAS et al.,, 2012; AzREG-AINOU and RODRIGUES, 2013; THARANATH and
KURIAKOSE, 2013; FENG et al., 2014; THARANATH et al., 2014; AzReG-AINOU, 2015; HUSSAIN
and ALl, 2015; MALAKOLKALAMI and GHADERI, 2015; GHADERI and MALAKOLKALAMI,
2016; GHOsH, 2016; TosHMATOV et al., 2017).

By seeking inspiration from KAzAKOV-SOLODUKHIN’s work (1994) and KISELEV’s
approach (2003), NozARI et al. (2020) have recently studied the behaviour of Schwarzschild
black holes surrounded by quintessence finding how the quantum fluctuations of the
background metric and the quintessence can influence the accretion parameters of the black
hole, in the picture of a central 2-dimensional sphere with a radius of the order of the Planck
length where the radial component of the 4-velocity and the proper energy density of the
accreting fluid turn out to have a finite value. In this section, we want to explore the effects of
the generalized uncertainty relations (11) of the 3D DQV model in the thermodynamics of
Schwarzschild black holes surrounded by quintessence, in a picture where the quintessence is
ultimately associated with more elementary fluctuations of the 3D DQV.

By following the treatment of Luftuoglu, Hamill and Dahbi in LUTFUOGLU et al.
(2021), a deformed Heisenberg algebra expressed by relation

[x,p] = il + Bp?] (57)
where S is a small non-negative deformation parameter that is proportional to the Planck
length, leads to the following relation between the temperature and the horizon radius of a
Schwarzschild black hole surrounded by quintessence:

_ 2ry Bawq B
T—E<1+W>(l+ h‘E) (58)

where wy is the quintessential state parameter, and « is the positive normalization factor that
depends on the density of quintessence matter. Relation (58) implies that for 8 = 0 the
temperature of the black hole reduces to the Hawking temperature of Schwarzschild black
hole surrounded by the quintessence in the Heisenberg uncertainty principle limit

_ 1 3awg
oo (1 ) -
Moreover, one must remark here that, in the regime of —1 < w, < —1/3, the quintessence
successfully explains the accelerated expansion of the universe.

Now, in our approach of 3D DQV based on the generalized uncertainty relations (11),
the perspective is opened to provide a new suggestive re-reading of the thermodynamics of
Schwarzschild black holes in the presence of quintessence. In fact, here we take account of
the expression (24) regarding the horizon size, and we consider that the parameter S of the
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2 2
Luftuoglu, Hamill, and Dahbi model is replaced with the quantity ﬁl,"; Aphqz”fzv . Furthermore,
above all, on the basis of equation (7), we assume that dark energy and thus quintessence
matter do not represent primary physical realities but are the manifestation of more
elementary quantum vacuum energy density fluctuations and this means that equation (56)
reads

2 6
P = M(V Apé’fE) (60)

2mi*v \c2

where here wg,r is interpreted as the state parameter of the 3D DQV describing the
fluctuations of the quantum vacuum energy density which determine the negative pressure
responsible for the accelerated expansion of space. In other words, in our approach, a black
hole surrounded by quintessence means to deal with a black hole where the surrounding
region is characterized by quantum vacuum energy density fluctuations mimicking the action
of quintessence, thus allowing an explanation of the acceleration of space. As a consequence,
our model equation (58) regarding the relation between the temperature and horizon radius of
a Schwarzschild black hole is replaced by the following equation expressing the relation
between the temperature of a Schwarzschild black hole and the variable energy density

Ap2. V2
3 2°FquvE
4GApqvE V3 3awgyE lp 72c2
T 1+ 1— [1—-—En2Z__ (61)
ApZ. V2 3,3\ 3@ quET]L G20pyE°VE
712 PqvE Mp2c8 2GAp gyg°V3 16 PqvE
P ——————
P p2c2 Mp2c8 Mp;*c16
namely
T = 4GAp gy V' h2c? 1 3awqyE 1 1 ZMp *cl4 62
- 201,28 + 3,3\ 3PquETL - T 16h2G2 iya (62)
TL’lpMpl c 2GApgyE v3 q 16h%G Apgve™V
MPZZCS

By following UNRUH and WALD (2017), the generalized uncertainty relations (11) lead to the
following constraint regarding the maximal temperature sustained by the black hole:

3quE+1

1 ApayEV?) 2
T < ﬁ 1+ 30!(1)qu (ﬁlzzJ 4;262 > (63)
Pqv
T |BL :252
In the absence of the fluctuations of the quantum vacuum energy density which mimic the
action of quintessence matter, one obtains that the temperature of black hole takes values in

the range

1

Ap2. V2
2°FquvE
2w |Bly 202

It must be remarked here that the state parameter wg,r of the DQV appearing in
equations (61)-(63) gives rise to different possible behaviours of the event horizon radius in
dependence of their specific value. The parameter wg,g has the values —1 < wgpp < —1/3

for a de Sitter horizon which causes the acceleration, and —1/3 < wg,; <0 for the
asymptotically flat solution. In particular, for wg,r = —2/3 two event horizon radii emerge

0<T< (64)

given by
Tin = oo (65)
Tout = 1+v8Ma (66)

2a
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for wq,r = —1/3 only one horizon radius appears

2M
= (67)
which, taking account of the general relation (21) regarding the horizon size of a
Schwarzschild black hole, implies that this case occurs when the following constraint is

satisfied:

2GApque’V:  2M

Mpc® T 1-a (68)
namely
3,3 _ 2MMp;*c8
Apgvs™V™ = 26(1-a) (69)

Finally, when wg,; = —1 one obtains the de Sitter-Schwarzschild solution if the following
condition is satisfied

a=3 (70)
where the cosmological constant may be here assimilated to opportune fluctuations of the
quantum vacuum energy density on the basis of equation (7).

As a consequence of the peculiar features of the event horizon radius in
correspondence with the specific values of the quintessential state parameter, one derives
opportune behaviours of the temperature of the Schwarzschild black hole surrounded by
vacuum energy density fluctuations mimicking the action of quintessence matter in the 3D
DQV model based on the generalized uncertainty relations (11). In particular, for wg,z = —1,
the generalized uncertainty relations (11) determine a modification of the temperature of the
Schwarzschild black hole surrounded by these peculiar quantum vacuum energy density
fluctuations, given by relation

4GAp oV R2 2 G2Ap etV ZMp;*cit
T = > ——\1-12a———)|1- |1 - —— (71)
TlEMp*c Mp*c 16R°G=Apque "V

In this situation, the quantum vacuum energy density fluctuations satisfy relation

ﬁlZApé"Evz
1 2GApquE’V3 P pZc2
— = 5 >
V3a Mp; c8 2
namely

(72)

2.7
2 f
4Gh3a = Bpgve vtzB (73)
and thus, the temperature has values in the range

2 2
Ap |4
_ 2°FquE
4-3apl;

0<T < —— 1 (74)

Ap2 V2
2°FquE
am |Bly hZc2

Here one can note that, in the regime of negligible fluctuations of the quantum vacuum energy
density (and thus in a regime where the generalized uncertainty relations do not assume an
important role), the temperature has no superior limit value. However, in general, in the
presence of significant fluctuations of the quantum vacuum energy density, the deformation of
the geometry of the background leads to the existence of an upper limit value for the
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temperature, which is just fixed by these fluctuations and by the deformation parameter.
These concepts provide a new key to reading the results obtained in (LUTFUOGLU et al., 2021).
Instead, for w,,,; = —2/3, the black hole temperature has the following form

T = 4GAp g~V h c? (1 _4q GApqve’V3 )(1 _ \/1 M) (75)

ml2Mp 8 Mp?c8 164°G2Apgpp*V*

and therefore, the quantum vacuum energy density fluctuations satisfy relation

2
s = Bpque V2 2 VB (76)
As a consequence, in this situation the temperature has values in the range

Ap2 V2
1-a /ﬁlé";’—E
e
0<T<—M——
Ap2 V2
2°FqvE
T |Bly P

Coherently with the treatment made in LUTFUOGLU et al. (2021), here we find that the 3D
DQV based on the generalized uncertainty relations (11) predicts the same upper limit, 1, for
the horizon size, of the Heisenberg uncertainty principle, but now here we can provide an
explanation of this result in terms of more fundamental properties of the 3D DQV. Moreover,
according to equation (77), the temperature has a maximum value determined by the
behaviour of the variable quantum vacuum energy density.

On the other hand, for wg,r = —1/3, the black hole temperature has the following

(77)

form

T:4-GquvEVhC(1_a )<1_\/1 L) (78)

ml2Mp,*c8 16h*G2Ap gy *V*

In this case, the horizon size is not characterized by an upper bound, while the temperature
has values in the range

0<T< . lme (79)
2 2
T ﬁlf,Apfzv;V

On the basis of the formalism (79), a maximum value of the temperature is determined by
behaviour of the variable energy density of the 3D DQV, which thus provides a new
suggestive key of reading of the results obtained in LUTFUOGLU et al. (2021).

Let us analyse now the behaviour of the heat capacity. In this regard, one obtains that a
Schwarzschild black hole surrounded by the specific quantum vacuum energy density
fluctuations mimicking the action of quintessence is characterized by a heat capacity given by
relation

C =
/1+ quvgw +1\|\j IZ%MPI4C144
k 2680 4EV3 qvE ) 16h°G2Apgpg V4

mBIEAPGvEV ( Mp)?c® )
B 4h*c?
1 9aquE32w _\/ I%Mpl‘l'c“ : l%,MPl‘l'c14 3awq(1+3aqu5)
<ZGAquE3V3> qvEtl 164°G20p gy V¥ 16h252qu,,E4v4(2GquvE3V3>3“’qu+1
Mp*c8 Mp*c8
(80)

which tends to zero thus yielding the black hole remnant under the constraint
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2GApque’V3 5 BPGyEV?
[YpCRT ﬁlp Py (81)
namely
41,4 _ P MPl4C16
quvE VE = ,Blp 16G2h2c2 (82)

Now, by inserting equation (82) into equation (61), we get the non-zero black hole remnant

temperature
/ 30)qu+1\
Trem = ; 1+ 3““)qu ( \‘ (83)
o2’ \ 57"

with a corresponding mass

Bwgyet1l
pizr s’ / \
Pp2c2 2
2 2
ﬁlepquV
14 leCZ

In the light of equations (80) and (83), in the absence of the fluctuations of the quantum
vacuum energy density which mimic the action of the quintessence matter, the heat capacity
and the remnant temperature respectively become

Mo = (84)

2 4
_ lpMptclt
2 4
nRLEAD L, EV? 16h°G20pqyg“V*

C=- 2 (85)
2
4h*c | lzZJMPl4cl4
164%G2Ap gy *V*
1
Trem = — (86)
ﬂlequEV
14 hZCZ

Now, with these results at hand, we want to explore their consequences as regards the
behaviour of the important thermodynamic properties of a Schwarzschild black hole, for the
opportune values of the state parameter of the 3D DQV in the range —1 < wg,p < —1/3,
which correspond to the opportune cosmological situations of the event horizon radius, above
mentioned. In this regard, for wg,r; = —1, the heat capacity, remnant temperature, and
remnant mass of the Schwarzschild black hole whose surrounding region is characterized by
quantum vacuum energy density fluctuations mimicking the action of quintessence matter,
become

2 61,6 2 4.14
(1—12aG AquE 14 ) 1 lpMPl c
4 3
nRI3APZ,EV? Mp*cté 1612G20pqug V4
¢ = -t T (87)
GZquvE6V6 l%,MPl4C14' 3aBlp 72 c2
1-36a——7 || 1- |1 > 2 el ny >
Mp;~c 16h°G=ApgyE™V
2 2
. 3aﬁl%APquEV
2.2
— héc (88)

Trem - > ; - 4
T [)’lepquV
P p2c2
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p 2 2
qu ApS V.
Bl —hzez— aplz—LE

Myem = ) 1- 2 4h2£2 (89)

Instead, for wg,; = —2/3, the heat capacity, remnant temperature and remnant mass of the

Schwarzschild black hole surrounded by these peculiar quantum vacuum energy density
fluctuations mimicking the action of quintessence matter, become

GAquE3V3 I%MPZ4C14
202 1,2 1-4a 2.8 1 2.2 s
”ﬁlpquvEV Mp;“c 16h°G quVE %4
2.2
4h“c <1_8aGqu"E3V3> . I%MPZ4C14 . aBl%,MPIZCS
MPIZCB 16h2G2quVE4V4 AGh CzquTJE V .....
Ap?
1-a |BL3 qu2
c
Trem = (91)
Ap2 V2
2°FqvE
T |Bly 2.2
Ap? Ap?
2 qu 2 qve¥ \
ﬂlp hz 2 a ﬁlp hzcz
Mrem - (92)

Finally, for wq,; = —1/3, one obtains the following results regarding the heat capacity, the
remnant temperature and the remnant mass of the black hole:

C=-

(90)

1
_ lIZJMPl C14'
DL LY (93)
B 4h°c? BMp tcit
1— 1——2 > 3y
164%G20p gyp*V
1-a
Trem = — (94)
Ap vEV
m B3 :ZCZ
Ap?
2 qu
(1-a) |Bls—55— 22
Mo = (95)

All equations (87) (95) show that the peculiar quantum vacuum energy density fluctuations
are the fundamental entities that generate the different behaviours of heat capacity, remnant
temperature, and remnant mass of a Schwarzschild black hole, for the opportune values of the
state parameter of the 3D DQV in the range —1 < wg,r < —1/3, corresponding to opportune
cosmological situations of the event horizon radius.

Moreover, by introducing the relation between the temperature of a Schwarzschild
black hole and the variable energy density (namely equation (62)) inside the customary

definition of the entropy S = [ dTM, we can derive the expression of the entropy of the black

hole in the presence of the peculiar fluctuations of the quantum vacuum energy density
mimicking the action of the quintessence matter:

G= 21G2Ap quE°V© (1 + \/1 _ Bmptet > BI2 quvEV ZGqu,,E3V3 _
- V4

Mpl4C16 lﬁthzquvE p 8hZc2 1\’1plzC8

Ap2,EV 12Mp;*c14
2 2PquEY _ |4
ﬁlp 8h2c2 (1 + \/1 16h262quvE4v4) (96)
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We can observe here that the entropy of the black hole is not influenced by the surrounding
quantum vacuum energy density fluctuations mimicking the action of quintessence, while it is
modified by the generalized uncertainty relations describing the deformation of the geometry
of the background, in an analogous way to what happens in absence of these peculiar vacuum
fluctuations, as we have seen in the previous section. Moreover, in the Heisenberg uncertainty
principle limit, the entropy assumes the familiar expression, S = nr? = A/4. Finally, in our
approach, we can also express the mass as a function of the quantum vacuum energy density
fluctuations mimicking the action of quintessence and the horizon radius:

35Gc2rd [V 6
M= (ARl (97)

6mh*V wgvE
and, by inserting (97) and the following expression of the volume in terms of the horizon
radius and state parameter of the vacuum

3

V= (98)
3“)qu
inside equation (62), one finds
_ 2(3w(21vEV)1/3 35Gc? 2/3 B 99
7= (2 (o) o)) 1 i) 9
qv

On the basis of equation (99), for T = 1 isotherm, one can obtain the modified equation of
state of the Schwarzschild black hole in the 3D DQV in the form

35wgyrGe 6 Way 1
q—E( quvE) :q—Em 1— B (100)

2mh"V 2(302,5V) 2(3w§UEV)1/3 1- 1—E2
4(3wévEV)

namely

6 mh*c10 B 1

Ap E —_ 1 -
( v 356V5(3w5,,EV)2/3 2(3w§UEV)1/3 1- /1—W
4 3(1)qu

Equation (101) expresses the link of the peculiar fluctuations of the variable energy density of
the 3D DQV which are responsible for the acceleration of space, with the fundamental
parameters describing the geometry of the 3D DQV as well as with fundamental constants.

(101)

CONCLUSIONS AND OPEN PERSPECTIVES

In the model of the three-dimensional dynamic quantum vacuum characterized by a
variable energy density, one deals with a deformation of the geometry at the Planck scale
expressed by opportune generalized uncertainty relations (11) which introduces new scenarios
of re-reading of the thermodynamics of Schwarzschild black holes. In particular, they lead to
a modification of the standard expression of the Hawking temperature as well as to a
generalized entropy of the black hole which overcomes a sort of dilatation with respect to the
standard Bekenstein-Hawking entropy and a modified heat capacity which implies that the
physical situation represented by the remnant mass in the standard interpretation (which
correspond to the ending of the collapse of the black hole) is obtained under the constraint of
absence of quantum vacuum energy density fluctuations.
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Moreover, the behaviour of Schwarzschild black holes surrounded by quintessence is
explained in terms of negative pressure (60) ultimately associated with more fundamental
specific quantum vacuum energy density fluctuations which are responsible for the
accelerated expansion of the universe. In other words, in the three-dimensional dynamic
quantum vacuum, whose geometry is ruled by the generalized uncertainty relations (11), dark
energy does not exist as a primary physical reality but is the manifestation of more elementary
quantum vacuum energy density fluctuations as well as of a peculiar state parameter
characterizing them. We have thus explored that heat capacity, remnant temperature, and
remnant mass of the Schwarzschild black hole whose surrounding region is characterized by
quantum vacuum energy density fluctuations mimicking the action of quintessence matter,
turn out to have values that are determined by the fluctuations of the quantum vacuum energy
density as well as the deformation parameter, thus providing an explanation of the results of
other current research in terms of a more fundamental background. In particular, the
temperature of black holes under opportune constraints regarding the state parameter of the
dynamic quantum vacuum which corresponds to specific features of the horizon is explored
and we have found that, in each peculiar range of the state parameter, it has a maximum value
which is directly associated with a specific behaviour of the quantum vacuum energy density
fluctuations. Finally, an equation of state expressing the link between the peculiar fluctuations
of the variable energy density of the 3D DQV which is responsible for the acceleration of
space, and the fundamental parameters describing the geometry of the 3D DQV, is obtained.
In this regard, the perspective is opened that this equation of state regarding the behaviour of
the dark energy density fluctuations introduces new keys for re-reading of crucial
cosmological issues and this could be a relevant issue to be explored in future works.

On the other hand, another important step regards the possibility of finding a relation
of the model here proposed with other relevant alternative approaches which invoke the
existence of minimal lengths and with current models of thermodynamics of black holes
surrounded by quintessence matter. In this regard, in particular, GHosH et al., (2018) have
recently explored the thermodynamics of black holes in D-dimensional Lovelock gravity,
where the action contains higher order curvature terms and reduces to the Einstein-Hilbert
action in four dimensions, finding that mass, entropy and temperature are modified to the
surrounding quintessence background owing to the quintessence energy density term

_ wqq(D-1)(D-2)
Pqg = — 5 D-D(wg+1) (102)

where q is appropriately chosen such that w, < 0 . In our approach, on the basis of equation
(60), the quintessence matter is replaced by the opportune specific fluctuations of the energy
density of the three-dimensional quantum vacuum which appears in equation (7). Moreover,
the quintessential state parameter w, is replaced by the state parameter of the three-

dimensional quantum vacuum wg,, Which describes the specific fluctuations responsible for

the accelerated expansion of the universe. Therefore, taking account of equations (7) and (60),
we obtain

356¢2 (V \ pp \® _  wqa(@-1)(0-2) (103)
2h4V \c2 qVE - 2P (wg+1)
namely
6 mh*c10v5w (D-1)(D-2)
DE _ qvEQq
(2p20e) = 350, D-D@q D (104)

Equation (104) implies therefore

— — 6
q(D-1)(D-2) _ 356G (ApPE (105)

FO-D(wg+1) — _nh4c1°V5quE PqvE
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which means that the action of the higher D-dimensional background in the thermodynamics
of the black hole in Lovelock gravity can be seen as a secondary effect of a more fundamental
primordial variable quantum vacuum energy density.

Finally, a suggestive problem would be to find an explanation of black hole mass
growth due to cosmological coupling, which has been recently tested in elliptical galaxies
over redshift satisfying relation 0 <z < 2,5 (FARRAH et al., 2023). In this regard, a
parametrization of the variation of the black hole mass in time has been proposed by CROKER
etal., (2019) as

k

M(a) = M(a) (%) (106)
where a; is the scale factor at which the black hole becomes cosmologically coupled and k ~
3 is the maximum value of the cosmological coupling strength which is associated with
positive energy density (CROKER et al., 2021) and it has been proposed that stellar remnant
k = 3 black holes are the astrophysical origin of late-time accelerating expansion of the
universe (FARRAH et al., 2023). In the model of 3D DQV based on the generalized uncertainty
relations (11), the key point regarding the remnant mass of the black holes is represented by
equation (84), and therefore equation (106) here becomes

Bwgyetl
Apgou lede / \
B lzzlnz+( 2 A «
R R _2PqvE
Mrem(quvE) - 4 1 a Ap? V2 (Apcoupled> (107)
\ ﬁllz; coupled /

h2c2

where Apoupieq denotes the quantum vacuum energy density fluctuations at which the black
hole becomes cosmologically coupled and k = 3 is the cosmological coupling strength. As
regards the consequences of relation (105) as regards the link of the D-dimensional
background of Lovelock gravity and the corresponding more fundamental parameters of the
three-dimensional dynamic quantum vacuum, as well as the implications of equation (107) in
the description of the formation of black holes and explanation of cosmological black hole
mass changes, further research will give you more information.

References:

[1] ADLER, R.J., SANTIAGO, D.I. (1999): On gravity and the uncertainty principle. Modern
Physics Letters A 14 (20): 1371-1381. doi: 10.1142/S0217732399001462

[2] AL, A.F. (2012): No existence of black holes at LHC due to minimal length in quantum
gravity. Journal of High Energy Physics 9: 67. doi: 10.1007/JHEP09(2012)067

[3] AMELINO-CAMELIA, G. (2002): Quantum-gravity phenomenology: Status and prospects.
Modern Physics Letters A, 17: 899-922. doi: 10.1142/S0217732302007612

[4] AzRrReG-AINou, M. (2015): Charged de Sitter-like black holes: quintessence-dependent
enthalpy and new extreme solutions. European Physical Journal C 75: 34. doi:
10.1140/epjc/s10052-015-3258-3

[5] AzrReG-AINOU, M., RODRIGUES, M.E. (2013): Thermodynamical, geometrical and
Poincaré methods for charged black holes in presence of quintessence. Journal of High
Energy Physics 2013: 146. doi: 10.1007/JHEP09(2013)146

[6] BARDEEN, J.M., CARTER, B., HAWKING, S.W. (1973): The four laws for black hole



24

[7]
[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

mechanics. Communications in Mathematical Physics 31: 161-170. doi:
10.1007/BF01645742

BEKENSTEIN, J.D. (1973): Black holes and entropy. Physical Review D 7: 2333.

BIANCHI, E., CHRISTODOULOU, M., D’AMBROSIO, F., HAGGARD, H.M., ROVELLI, C.
(2018): White holes as remnants: a surprising scenario for the end of a black hole.
Classical and Quantum Gravity 35: 225003. doi: 10.1088/1361-6382/aae550

BINA, A., -JALALZADEH, S., MOSLEHI, A. (2010): Quantum black hole in the generalized
uncertainty  principle framework. Physical Review D 81: 023528. doi:
10.1103/PhysRevD.81.023528

CAPOzZIELLO, S., LAMBIASE, G., SCARPETTA, G. (2000): Generalized uncertainty
principle from quantum geometry. International Journal of Theoretical Physics 39: 15—
22. doi: 10.1023/A:1003634814685

CARR, B. (2015): The Black hole uncertainty correspondence. In: Nicolini, P.,
Kaminski, M., Mureika, J., Bleicher, M. (eds) 1st Karl Schwarzschild Meeting on
Gravitational Physics. Springer Proceedings in Physics 170: 22-31, Springer, Berlin.
doi: 10.48550/arXiv.1402.1427

CARR, B. (2018): Quantum black holes as the link between microphysics and
macrophysics. In: Nicolini, P., Kaminski, M., Mureika, J., Bleicher, M. (eds) 2nd Karl
Schwarzschild Meeting on Gravitational Physics. Springer Proceedings in Physics, vol
208. Springer, Cham. doi: 10.1007/978-3-319-94256-8_9

CARR, B.J., MUREIKA, J.R., NicOLINI, P. (2015): Sub-Planckian black holes and the
generalized uncertainty principle. Journal of High Energy Physics 2015 (52): doi:
10.1007/JHEPQ7(2015)052

CHEN, P., ONG, Y.C., YEOM, D.H. (2014): Generalized uncertainty principles:
implications for black hole complementarity. Journal of High Energy Physics 2014
(21): doi: 10.1007/JHEP12(2014)021

CHEN, S., WANG, B., Su, R. (2008): Hawking radiation in ad-dimensional static
spherically symmetric black hole surrounded by quintessence. Physical Review D 77:
124011. doi: 10.1103/PhysRevD.77.124011

CROKER, K.S., WEINER, J.L. (2019): Implications of Symmetry and Pressure in
Friedmann Cosmology. I. Formalism. The Astrophysical Journal 882 (1): 19. doi: 10.3
847/1538-4357/ab32da

CROKER, K.S., ZEVIN, M., FARRAH, D., NISHIMURA, K.A., TARLE, G. (2021):
Cosmologically Coupled Compact Objects: A Single-parameter Model for LIGO-Virgo
Mass and Redshift Distributions. The Astrophysical Journal 921 (2): L22. doi: 10.3
847/2041-8213/ac2fad

FAIZAL, M., KHALIL, M.M. (2015): GUP-corrected thermodynamics for all black objects
and the existence of remnants. International Journal of Modern Physics A 30 (22): doi:
10.1142/S0217751X15501444

FARRAH, D., CROKER, K., ZEVIN, M., TARLE, G., FARAONI, V., PETTY, S., AFONSO, J.,
FERNANDEZ, N., NISHIMURA, K., PEARSON, C., WANG, L., CLEMENTS, D., EFSTATHIOU,
A., HATZIMINAOGLOU, E., LACY, M., MCPARTLAND, C., PITCHFORD, L.K., SAKAI, N.,
WEINER, J. (2023): Observational evidence for cosmological coupling of black holes
and implications for an astrophysical source of dark energy. The Astrophysical Journal
Letters 944 (L31): doi: 10.3847/2041-8213/achb704

FENG, Z., ZHANG, L., Zu, X. (2014): The remnants in Reissner—Nordstrom—de Sitter



[21]

[22]
[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

25

quintessence  black hole. Modern Physics Letters A 29 (26): doi:
10.1142/S0217732314501235

FERNANDO, S. (2012): Schwarzschild black hole surrounded by quintessence: null
geodesics. General Relativity and Gravitation 44: 1857-1879. doi: 10.1007/s10714-
012-1368-x

FERNANDO, S. (2013a): Nariai black holes with quintessence. Modern Physics Letters A
28 (40): 1350189. doi: 10.1142/S0217732313501897

FERNANDO, S. (2013b): Cold, ultracold and Nariai black holes with quintessence.
General Relativity and Gravitation 45: 2053-20173. doi: 10.1007/s10714-013-1578-x

FiscALETTI, D. (2014): Non-local granular space-time foam as an ultimate arena at the
Planck scale. In: I. Licata (ed.) Space-time geometry and quantum events, Space Time
Geometry and Quantum Events Nova Science Publishers, New York.

FISCALETTI, D. (2015): The timeless approach. Frontier perspectives in 21% century
physics (Series on the Foundations of Natural Science and Technology, Book 9) World
Scientific Pub Co Inc, Singapore.

FiscaLETTI, D. (2016a): About dark energy and dark matter in a three-dimensional
quantum vacuum model. Foundations of Physics 46 (10): 1307-1340. doi:
10.1007/s10701-016-0021-z

FISCALETTI, D. (2016b): What is the actual behaviour of the electron? From Bohm’s
approach to the transactional interpretation to a three-dimensional timeless non-local
quantum vacuum. Electronic Journal of Theoretical Physics 13 (35): 13-38.

FISCALETTI, D. (2020): About dark matter as an emerging entity from elementary
energy density fluctuations of a three-dimensional quantum vacuum. Journal of
Theoretical and Applied Physics 14: 203-222. doi: 10.1007/s40094-020-00379-0

FISCALETTI, D., SORLI, A. (2014a): Perspectives about quantum mechanics in a model of
a three-dimensional quantum vacuum where time is a mathematical dimension. SOP
Transactions on Theoretical Physics 1 (3): 11-38. doi: 10.15764/TPHY.2014.03002

FISCALETTI, D., SoRrLI, A. (2014b): Space-time curvature of general relativity and
energy density of a three-dimensional quantum vacuum. Annales Universitatis Mariae
Curie-Sklodowska sectio AAA — Physica LXV: 53-78. doi: 10.1515/physica-2015-0004

FISCALETTI, D., SORLI, A. (2016a): About a three-dimensional quantum vacuum as the
ultimate origin of gravity, electromagnetic field, dark energy and quantum behaviour.
Ukrainian Journal of Physics 61 (5): 413-431. doi: 10.15407/ujpe61.05.0413

FISCALETTI, D., SoRrLI, A. (2016b): Dynamic quantum vacuum and relativity. Annales
Universitatis Mariae Curie-Sklodowska sectio AAA — Physica LXXI: 11-52. doi:
10.17951/ aaa.2016.71.11

FISCALETTI, D., SorLI, A. (2016c): About electroweak symmetry breaking, electroweak
vacuum and dark matter in a new suggested proposal of completion of the Standard
Model in terms of energy fluctuations of a timeless three-dimensional quantum vacuum.
Quantum Physics Letters 5 (3): 55-609.

FISCALETTI, D., SorLI, A. (2017): Quantum vacuum energy density and unifying
perspectives between gravity and quantum behaviour of matter. Annales de la
Fondation Louis de Broglie 42 (2): 251-297.

FISCALETTI, D., SorLl, A. (2018): Quantum relativity: variable energy density of
guantum vacuum as the origin of mass, gravity and the quantum behaviour. Ukrainian



26

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]
[48]

[49]

[50]

[51]

Journal of Physics 63 (7): 623-644. doi: 10.15407/ujpe63.7.623

FISCALETTI, D., SoRLI, A. (2023): Generalized uncertainty relations, particles, black
holes, and Casimir effect in the three-dimensional quantum vacuum. Theoretical and
Mathematical Physics 214 (1): 132-151. doi: 10.1134/S0040577923010087

GANGOPADHYAY, S., DUTTA, A. (2018): Black hole thermodynamics and generalized
uncertainty principle with high order terms in momentum uncertainty. Advances in High
Energy Physics 2018 (1): 7450607. doi: 10.1155/2018/7450607

GHADERI, K., MALAKOLKALAMI, B. (2016): Thermodynamics of the Schwarzschild and
the Reissner-Nordstrom black holes with quintessence. Nuclear Physics B 903: 10-18.
doi: 10.1016/j.nuclphysb.2015.11.019

GHOsH, S.G. (2016): Rotating black hole and quintessence. European Physical Journal
C 76: 222. doi: 10.1140/epjc/s10052-016-4051-7

GHOSH, S.G., MAHARAJ, S.D., BABOOLAL, D., LEE, T-H. (2018): Lovelock black holes
surrounded by quintessence. European Physical Journal C 78 (90): 1-8. doi:
10.1140/ep jc/s10052-018- 5570-1

HASSANABADI, H., MAGHsooDI, E., CHUNG, W.S. (2019a): Analysis of black hole
thermodynamics with a new higher order generalized principle. European Physical
Journal C 79: 358. doi: 10.1140/epjc/s10052-019-6871-8

HAssSANABADI, H., MAGHsooDI, E., CHUNG, W.S., DE MONTIGNY M. (2019b):
Thermodynamics of Schwarzschild and Reissner-Nordstrom black holes under the
Snyder-de Sitter model. European Physical Journal C 79: 936. doi: 10.1140/epjc/s100
52-019-7463-3

HAWKING, S.W. (1975): Particle creation by black holes. Communications in
Mathematics 43: 199-220. doi: 10.1007/BF02345020

HussaIN, I., ALl, S. (2015): Effect of quintessence on the energy of the Reissner-
Nordstrom black hole. General Relativity and Gravitation 47: 34. doi: 10.1007/s10714-
015-1883-7

Kazakov, D.l., SOLODUKHIN, S.N. (1994): On quantum deformation of the
Schwarzschild solution. Nuclear Physics B 429: 153-176. doi: 10.1016/S0550-
3213(94)80045-6

KEMPF, A., MANGANO, G., MANN, R.B. (1995): Hilbert space representation of the
minimal length uncertainty relation. Physical Review D 52 (2): 1108-1118. doi:
10.1103/ phy srevd.52.1108

KISELEV, V.V. (2003): Quintessence and black holes. Classical and Quantum Gravity
20 (6): 1187-1197. doi: 10.1088/0264-9381/20/6/310

LicaTA, 1. (2020): Quantum mechanics interpretation on Planck scale. Ukrainian
Journal of Physics 65 (1): 17-30. doi: 10.15407/ujpe65.1.17

LuTruoGLu, B.C., HAMIL, B., DAHBI, L. (2021): Thermodynamics of Schwarzschild
black hole surrounded by quintessence with generalized uncertainty relations. The
European Physical Journal Plus 136: 976 doi: 10.1140/epjp/s13360-021-01975-y

Ma, C-R., Gui, Y-X., WANG, F-J. (2007): Quintessence contribution to a Schwarzschild
black hole entropy. Chinese Physics Letters 24 (11): 3286-3289. doi: 10.1088/0256-
307X/24/ 11/072

MAGGIORE, M. (1993): The algebraic structure of the generalized uncertainty principle.
Physics Letters B 319 (1-3): 83-86. doi: 10.1016/0370-2693(93)90785-G



[52]

[53]

[54]

[55]

[56]

[57]

[58]

[59]
[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

27

MAJUMDER, B. (2011): Quantum black hole and the modified uncertainty principle.
Physics Letters B 701 (4): 384-387. doi: 10.1016/j.physleth.2011.05.076

MALAKOLKALAMI, B., GHADERI, K. (2015): Schwarzschild-anti de Sitter black hole with
quintessence. Astrophysical and Space Science 357 (2): 112. doi: 10.1007/s10509-015-
2340-5

MATUBARO DE SANTI, N.S., SANTARELLI, R. (2019): Mass evolution of Schwarzschild
black holes. 49: 897-913. doi: 10.1007/s13538-019-00708-y

NozARI, K., HAJEBRAHIMI, M., SAGHAFI, S. (2020): Quantum corrections to the
accretion onto a Schwarzschild black hole in the background of quintessence. European
Physical Journal C 80: 1208. doi: 10.1140/epjc/s10052-020-08782-2

PERIVOLAROPOULOS, L. (2017): Cosmological horizons, uncertainty principle, and
maximum length quantum mechanics. Physical Review D 95 (10): 103523. doi: 10.11
03/Phys RevD.95.103523

PETRUZZIELLO, L., ILLUMINATI, F. (2021): Quantum gravitational decoherence from
fluctuating minimal length and deformation parameter at the Planck scale. Nature
Communications 12: 4449. doi: 10.1038/s41467-021-24711-7

PRAMANIK, S., FAIZAL, M., MoussaA, M., ALI, A.F. (2015): Path integral quantization
corresponding to the deformed Heisenberg algebra. Annals of Physics 362: 24-35. doi:
10.1016/j.a0p.2015.07.026

RoVELLI, C. (2004): Quantum Gravity, Cambridge University Press. doi: 10.1017/CBO
9780511755804

RoveLLl, C. (2010): A new look at loop quantum gravity. Classical and Quantum
Gravity, 28 (11): 114005 doi: 10.1088/0264-9381/28/11/114005

SALEH, M., BOUETOUA, B.T., KoFANE, T.C. (2011): Quasinormal modes and Hawking
radiation of a Reissner-Nordstrom black hole surrounded by quintessence. Astrophysics
and Space Science 333: 449-455 doi: 10.1007/s10509-011-0643-8

SCARDIGLI, F. (1999): Generalized uncertainty principle in quantum gravity from micro-
black hole gedanken experiment. Physics Letters B 452 (1-2): 39-44. doi:
10.1016/S0370-2693(99)00167-7

THARANATH, R., VARGHESE, N., KURIAKOSE, V.C. (2014): Phase transition, quasinormal
modes and Hawking radiation of Schwarzschild black hole in quintessence field.
Modern Physics Letters A 29 (11): 1450057. doi: 10.1142/S0217732314500576

‘T HooFT, G. (2001a): How does god play dice? (Pre-)determinism at the Planck scale.
In: Bertimann, R.A., Zeilinger, A. (eds) Quantum [Un]speakables. Springer, Berlin,
Heidelberg. doi: 10.1007/978-3-662-05032-3_22

‘T HooFT, G. (2001b): Quantum mechanics and determinism. Particles, Strings, and
Cosmology, Proceedings, 8" International Conference on Particles Strings and
Cosmology, University of North Carolina, Chapel Hill. Edited by Paul Frampton, P.,
Jack, Ng. (eds) Rinton Press, p.275.

‘T HOOFT, G. (2013): The fate of the quantum. Proceedings of the Conference on Time
and Matter, Venice. doi: 10.48550/arXiv.1308.1007

“T HooFT, G. (2016): The cellular automaton interpretation of quantum mechanics,
Springer, Heidelberg. doi: 10.1007/978-3-319-41285-6

THARANATH, R., KuURIAKOSE, V.C. (2013): Thermodynamics and spectroscopy of



28

[69]

[70]

[71]
[72]

[73]

[74]

[75]

Schwarzschild black hole surrounded by quintessence. Modern Physics Letters A 28
(4): 1350003. doi: 10.1142/S021773231350003X

THOMAS, B.B., SALEH, M., KofFANE, T.C. (2012): Thermodynamics and phase
transitions of the Reissner-Nordstrom black hole surrounded by quintessence. General
Relativity and Gravitation 44 (9): 2181-2189. doi: 10.1007/s10714-012-1382-z

TOSHMATOV, B., STUCHL, Z., AHMEDOV, B. (2017): Rotating black hole solutions with
quintessential energy. European Physical Journal Plus 132 (2): 98. doi: 10.1140/epjp
/12017-11373-4

UNRUH, W.G., WALD, R.M. (2017): Information loss. Reports on Progress in Physics 80
(9): 092002. doi: 10.1088/1361-6633/aa778e

VAGENAS, E.C., ALSALEH, S.M., ALI, A.F. (2018): GUP parameter and black hole
temperature. Europhysics Letters 120 (4): 40001. doi: 10.1209/0295-5075/120/40001

VARGHESE, N., KURIAKOSE, V.C. (2009): Quasinormal Modes of Reissner-Nordstrém
Black Hole Surrounded by Quintessence. General Relativity and Gravitation 41: 1249—
1257.doi: 10.1007/s10714-008-0702-9

YI1-HUAN, W., ZHONG-HulI, C. (2011): Thermodynamic properties of a Reissner—
Nordstrém quintessence black hole. Chinese Physics Letters 28: 100403. doi: 10.1088/
0256-307X/28/10/100403

ZHANG, Y., Gul, Y.X,, Yu, F. (2009): Dirac quasinormal modes of a Schwarzschild
black hole surrounded by free static spherically symmetric quintessence. Chinese
Physics Letters 26: 030401. doi: 10.1088/0256-307X/26/3/030401


https://inspirehep.net/literature/779151
https://inspirehep.net/literature/779151

