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ABSTRACT. We analyzed the influence of magnetic component of the laser field on the
tunneling yield, in a strong near-relativistic field for a squared hyperbolic secant pulse
distribution. The obtained results indicate that the inclusion of the magnetic component is
necessary in the observed regime.
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INTRODUCTION

Photoionization of atoms and molecules is the initial step of many interesting strong-
field phenomena such as electron recollision and nonsequential double ionization (NDI) (L1 et
al., 2020), molecular imaging by the recolliding electrons (MIRE) (PENG et al., 2019), high-
order above-threshold ionization (HATI) (BRENNECKE and LEIN, 2018), high-order harmonic
generation (HHG) (BRAY et al., 2019). Additionally, the electrons emitted by photoionization
contain structural information suitable for orbital imaging (YUAN et al., 2017; CHANG et al.,
2019) and nuclear dynamics, as well (ARNOLD et al., 2017). Because of all above mentioned,
the ionization mechanism depending on the laser parameters, such as intensity, power,
frequency, and wavelength has attracted considerable interests of both experimental and
theoretical groups. The goal was to obtain an accurate theoretical model of atoms and molecules
photoionization processes and as a result, multiple theoretical approaches (KELDYSH, 1965;
KRAINOV, 1997; ZHAO et al., 2014) have been developed. In this paper we are interested in those
which are dealing with molecules that are exposed to the external laser field.

During photoionization (PI), tunneling ionization (TI) can be considered as an initial
key process. Therefore, a detailed understanding of Tl is necessary for the further understanding
of strong-field physics of atoms and molecules. According to (KELDYSH, 1965), the choice of
the governing Pl mechanism is dictated by the famous Keldysh parameter, y. Tl is a limiting
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case of PI for the value of the Keldysh parameter much less than unity, y = —— < 1, where
I,, is ionization potential, w frequency and F the strength of the field. Although analysis and
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understanding of the physical processes associated with T1 are progressing fast, complete, and
detailed modeling of the mechanisms is still an open scientific topic. In the opposite limit, y >
1, the electron is ionized from the molecule by absorbing several photons and this process is
known as a multiphoton ionization (MPI). The intermediate regime (y~1) is intuitively
considered as the borderline between the Tl and MPI depending on laser field parameters.

Molecules are much more difficult systems for modeling than atoms due to their
complex dynamic. Nevertheless, the values for TI rates of atoms and molecules with
approximately the same ionization potential and nearly identical binding energies are usually
close to each other (TONG et al., 2002). Tong and his coworkers in (TONG et al., 2002)
investigated the ionization of molecules versus atoms while presenting a novel theoretical
model (so-called MO-ADK) for calculating the ionization rates of diatomic molecules.
According to (ZHAO et al., 2011; GONG et al., 2017), their model can be successfully extended
to triatomic and polyatomic molecules.

In this paper, we investigated the photoionization rates and yields of ammonia molecule
(NHs3) using non—perturbative approach. We analyzed numerically and analytically the
influence of the magnetic field component on the tunneling yield, in a strong near-relativistic
field. We choose ammonia molecule because it is simple enough for our calculations, but also
for following reasons. As demonstrated recently, its properties such as diffusivity, viscosity,
and structure have a considerable impact on the internal evolution and magnetic field of giant
planets (ROBINSON et al., 2017). The increase of ammonia molecule emissions in the
atmosphere has negative influence on climate change, environmental and public health. This is
why the number of research papers related to NHs emissions into the atmosphere increased over
the previous year (WANG et al., 2020; L1 et al., 2020).

THEORETICAL BACKGROUND

The first attempt to determine molecule transition rate was classical, the adiabatic
Ammosov-Delone-Krainov model (ADK) (AMMOsoV et al., 1986) which had limited success.
The problem was that the ADK ionization model often overestimates the ionization rates
thereby shifting saturation intensities to lower values for many molecules. That is why, sixteen
years later, the ADK theory is upgraded for molecules, and the MO-ADK is obtained (TONG et
al., 2002). The main improvement is the incorporation of molecular orbitals. The characteristic
exponential dependence of transition rate on the field intensity, F, and the ionization potential,
L, is kept (ToNG et al., 2002):

2n*—|m'|-1
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where m is the magnetic quantum number along the molecular axis, l and n* are the angular
and the effective principal quantum numbers, n* = % (here Z denotes the effective Coulomb
charge and k is the characteristic momentum of the bound state, k¥ = \/Z_Ip). Next, B(m') is
defined as B(m') = X 1 Cpy Drln,’ m (@0, 0)0(,m"), where Cp-; and Q(l,m) are the
1
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structure coefficients of the given molecule, defined as: Cn*l—(ze) and

*

Q(lLbm)= (-1)™ ((z(l;(t)(ll+:;;l)')] In addition, D,ln',m(¢, 0, x) denotes Wigner’s rotation
matrix, where (¢, 0, y) are the Euler angles. The rotation around the molecular z axis is
represented by y, and 8 represents the azimuthal angle, while the angle of rotation around the
polarization vector is, ¢, and for linearly polarized lasers is fixed to 0. The linearly polarized
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laser field is assumed. Atomic units, m = e = A = 1, are used through the paper (SHULL and
HALL, 1959).
In order to determine Wigner’s rotation matrix, it is convenient to introduce rotation

operator, R, (a) = exp(—iaJfi), where « is an arbitrary angle, and Jii = —i% Is projection of

angular momentum J on arbitrary axis (YAMANI AND FISHMAN, 2008). For the Euler angles,
rotation operator becomes (ZARE, 1988):

R(¢,6, x) = Exp[—ix/ft, |Exp[—if]fig]Exp|—i¢pJ iy ] . (2

Now, Eq. (2) can be rewritten as the following:

R(¢,6, )|tm) = Ty DLy (8,6, 0)1lm). 3)

By projecting the equation from the left with (Im’| and using the orthonormality of the angular
momentum states, (<Di|<1>j) = §;;, we found an explicit expression for the Wigner’s rotation
matrix elements (ZARE, 1988):

JE)

Dy, (9,6, %) = {Im'|R(¢,6, )| lm), @)

where the Wigner’s matrix, R(¢, 6, x), is a matrix of dimension (2] + 1) X (2] + 1). Because
we are interested in examining the ionization rate along the z-axis, the matrix elements
presented using Eq. (4) can be found using the following expressions: D,ln',m(fﬁ; 6,x) =
EXp[—id)m’]dfn,’ m(@)Exp[—iym], where din,’ m(0) = (lm’|e‘”9 | lm) denotes the element of
the orthogonal Wigner's (small) d-matrix.

Based on the results presented in (WIGNER, 1931) d —matrix element din,, n(0), can
be derived using the following series expression:

l _ | 4+m)HI(A-m")! r_ I+ -
A, m©@) = oy 2sC D™ () (i) X

2l+m-m'-2s m'—-m+2s
0 . 6
X (cos E) (sm E) , (5)

where (Hsm) and (l_l;lr,"_s) are binomial coefficients. The summation over parameter s is only
restricted to the argument of any factorial which is non-negative.
Using Eq. (5) we examined the symmetry properties of din,, . (8) for ammonia

molecule, i.e., for the fixed values of [ = 2, we varied m as m[0, 1, 2]. Using well known
A
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amonia molecule), for (,m',m) - (2,0,0), it follows: d§,(6) = —(2+0)!(2_0)!X
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formula for the binomial coefficients: (’}) = and calculatings =l —m' — g, (6 = 0 for

,1.€.

d30(0) = Zo(-1° ()(,2) (cos D) (sin)”. (©6)

We made summation over s and obtained:

d3, () = (cos 2)4 —4 (cos g)z (sin g)z + (sin 2)4 =



(cos 9) +2 (cosg : (sm 9)2 + (sin 2)4 -2 (cos g)z (sm ) —(sinf)? =
((cos ) (sm Z) )2 (Smg) — (sinf)? =

3(sin 9)2

—1— _ (7

2

After some trigonometric transformation, as a result, the final expression is obtained:

d3(6) = ; (3cos?[6] - 1). (®)
Following the same recipe, the other coefficients can be calculated:

d3,(8) = 3 (2cos[6] — 1)(cos[6] + 1), d3,(8) = cos* |7]. 9)

The abovementioned calculations of Wigner’s rotation matrix provide a great accuracy
for a wide range of atoms and molecules and are used to evaluate the ionization rates in the
frame of both ADK and MO-ADK theories. To obtain a more accurate expression of the rate
for the special case of ammonia molecule, we observed geometry optimization which leads to
N-H bond length of 1.017 A, while H-N-H bond angle is 107.8° (see (NILSSON, 2005)). In this
case, as one can see from Figure 1, its molecule has a pyramidal shape forming an oscillating
umbrella structure (See Fig. 1).

* 1.017 A

107.8°

Figure 1. The geometry optimization of ammonia molecule (NILSSON, 2005).

In order to compare theoretical findings with experimental, it is convenient to calculate
ionization yield, Y, because this quantity is usually measured in experiments. Its expression is
directly related to the ionization rate, and dependent upon the laser electric field strength, F as
(MiLADINOVIC and PETROVIC, 2014):

Yuo-apk (F)R) = [ Wyo_apk (F,R) - dt. (10)
Next we assumed a hyperbolic-secant-squared time distribution, F(t) = F,sech? (%) (AMMoO-

sov et al., 1992), where t is the pulse width at full width at half maximum (FWHM). For this
time distribution, a relation for the ionization probability yield for ammonia molecule can be
approximated by:

Yyo-apk (F, R, t) Zlmm’(R)f ( ) X EXP[ 2;(3 sech2(C )l dt, (11)

2n*—|m'|-1 |Z Cym D! (R)Q(lm')‘2
2k L mbtim m!, ’

be evaluated using an expansion in terms of quadratic hyperbolic secant function as in
(https://functions.wolfram.com/ElementaryFunctions/Sech/06/02/):

sech? (%) = 4(ZfL, (~D* g2 12, (12)

. The integral in Eq. (11) can
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where g can be expanded in exponential form as: g = Exp[x]. The resulting integrals in Eq.
(11) now have an analytical form, which may be written as:

Yuo-apk (F,R,t) % 2 Zy t (R) | (1 - (;)2>_2 X Exp l—%@ - (5)2)_21 dt . (13)

Eq. (13) can be computed by using the Taylor-series expansion methods for solving integral

equations (HuABsOMBOON et al., 2010). As a result the folowing equation can be obtained:

1 t 2t2(Fy—2k3 k3
Yuo-apx (F, R, 1) & 2 Z} 1 it (R) (;) {1 + (3,;#2)} X Exp [_E (14)

Theoretical and numerical investigations of the molecular ionization yields, based on
the MO-ADK model, have been usually performed without the inclusion of the effect of the
magnetic component of laser radiation. Magnetic component contributes to the ion vyield
through Lorentz ionization only in the near-relativistic regime, and in the following, we have
included it into our analysis.

For the relativistic intensities of electromagnetic radiation, the MO-ADK expression,
Wyo-apk (F, R), with the correction for nonzero initial momentum, p, of the photoelectron has
the following form (DELONE et al., 1993):

2F E.2 rel
Wie—apk (F, R) = Wyo—apk (F,R) X Exp |- et ]' (15)

3w 2w

rel3

where E, is the relativistic kinetic energy of ejected photoelectrons defined as in (KRAINOV,

1998): E, = \/p%c? + c* — c?. Here ¢ denotes the speed of light in atomic units, ¢ = 137.02,
and p is the momentum of ejected photoelectrons. It is important to note that under the frame
of tunneling theory, the magnetic effects set a lower limit on Keldysh adiabaticity parameter.
According to (MILADINOVIC and PETROVIC, 2015) the condition y — 0 represents an extreme
relativistic limit. In that case, the relativistic Keldysh parameter, y"¢', must be introduced:

, Where Z is the ion charge.

F
For purpose of incorporating the magnetic component of the laser field in the near-

relativistic transition rate, we shall extend Eq. (15) using the definition of the Lorentz ionization
rate (ZHAKENOVICH et al., 2015):

WiEH(F,R) = SN1 —v2 Wi ok (F, R), (16)

where v is the electron velocity and S is the stabilization factor.
By implementing the equation for Lorentz transition rate (Eg. (16)) into already defined
expression for the ion yield, Y3?'(F,R) = [ Wi (F,R) - dt, we obtained:

(R)\/if—[ FOS%;()] X

wc 1— wc 1—[ 22}
E.? ¢
x Exp ——— e f N L g (17)

Y (F,R,t) =SZ

ln1n1

Fosech2
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Eq. (17) cannot be solved analytically due to the complex integral representation. Because of
that, the ion yield obtained at near-relativistic field intensities while including the magnetic
field component (Eqg. (17)), must be solved numerically.

RESULTS AND DISCUSSION

We considered ammonia, N H;, molecule, in the linearly polarized laser field, with a
hyperbolic-secant-squared time distribution, using the MO-ADK theoretical approach. We
observed the ionization of ammonia through tunneling of electrons from the highest occupied
molecular orbital, with y in a range covering from 0.025 to 0.8. The laser field intensity varied
within the range 1013 < I < 10”7 Wcem™2. We used laser wavelenght A = 800 nm.

First of all, we investigated the geometry-dependent ionization behavior of ammonia
molecules. Analysis presented in Fig. 2 is especially important for the study of the nuclear
motion in neutral ammonia (WILEY AND MCLAREN, 1955).
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Figure 2. The orientation dependent ion rate for ammonia using MO-ADK theory, Wy,o—_apx (F, R)
(solid lines), and the near-relativistic transition rate with incorporated magnetic component,

. . . " 1083 W 10 W 1015w

WieL(F, R) (dashed lines), for fixed laser intensities ofl(ﬁa) Ix—7 ,(b) 1 x — , (€)1 pr—
1016 W
and (d) 1 x -

In Fig. 2, we presented the orientation-dependent ion rate for ammonia for the pure non-
relativistic approach, Wy,o—apx (F, R), and relativistic with the included effect of the magnetic
component of the laser field, W' (F, R). The graphs show increasing of the ion yield with the
field intensity increasing and this behavior is in accordance with (SAYRES et al., 2011). On the
other hand, the curves behave differently and differ strongly with increasing the field intensity.

Based on the presented results, one can conclude that inclusion of the magnetic component in

16
the near-relativistic regime (when/ > 1 x 12mzw) of laser field strongly increase the value of

the transition rate with field intensity rising and the near-relativistic transition rate with the
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incorporated magnetic component W2 (F, R) is dominanting. These findings are completely
expected and in accordance with (SMEENK et al., 2011).

Next, we observed ammonia ionization yield. In order to validate the analytical solution
given in Eq. 14, Eq. 13 was integrated numerically using Wolfram Mathematica scripts
(WoLFRAM, 1999). The integral in Eq. 13 was discretized using the Laplace transform,
[ FEORG)dx = [ () (Boeey ty e ™™)dx = Bee_y uy [ e f () dx = Boe_y v, (LESKO
and SmiTH, 2003). Our analytical and numerical calculations are presented in Fig. 3 and one
can see a good agreement between analytical and numerical curve. It is also important to stress
that ionization yields presented in Fig. 3 are for weak or non-relativistic fields and because of
that can be linked to one of the previous equations (Eq. 13 for numerical solution and Eq. 14
for analytical solution).
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Figure 3. Numerically (solid line) and analytically (dashed line) (Eg. (15)) calculated ionization yields
(4 = 800 nm) for the ammonia molecule using the MO-ADK model.

From Fig 2. follows that the MO-ADK prediction of the ionization yield is small at low
intensities and reaches saturation, i.e. complete single ionization, at higher intensities,

15
(~1x 1im2‘w)' This behaviour agrees with the results of (SAYRES et al., 2011). The deviation

can be seen near the critical value of the intensity threshold, I.[Wcm™2] = 4 X 109152['3‘/]
(HussIEN, 2015), which in our study denotes I, = 4.96 x 10* Wecm™2. This deviation is
totally expected as a number of theories break down in this region.

In the near relativistic field intensities region, 10'® < < 10 Wem™2, we
investigated the influence of magnetic field component on the total ammonia yield. For this
purpose, we compared results for relativistic ion yield without, Y"¢'(F, R) (Eq. 10), and with
correction of the magnetic field, Y;,¢'(F, R, t) (Eq. 17). Results are presented in Fig. 4.

Fig. 3, shows that for the lower laser field intensities region, both curves, the one which
includes correction of the magnetic field Y;;¢'(F, R, t) and the other which neglect the magnetic
field component Y"¢!(F, R), have almost the same flow. But with the intensity increasing, there
is a deviation between curves. One can see that for I < 0.5 x 101® Wcem™2, both curves sharply
rise together, but with field increase, Y"¢!(F, R), for the same field intensities have the higher

16
values then Y7€L(F, R, ). On I = 6.53 x —~ hoth, Y™!(F,R) and Yj¢'(F,R,t), have the

cm?
same values. Starting from there one can see that separation between curves increases with

intensity. A curve that represents pure relativistic rate tends to remain nearly saturated, while
the other curve represents rate with considering the magnetic component. Based on graphs, it
is obvious that the transition rate is affected by the magnetic component of the laser field. In
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other words, our results simply show that the dependence of the magnetic component is not
significant enough for lower field intensities and, on the other hand, that it is significant for
higher regions. This finding is in accordance with (DELIBASIC et al., 2018).
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Figure 4. A comparative review of the ammonia ionization yields without, Y"¢!(F, R) (dashed line),
and with correction of the magnetic field, Y;;¢*(F, R, t) (solid line). Field intensity varies within the
range 10%® < | < 107 Wem ™2,

CONCLUSION

In summary, we have investigated the influence of the magnetic component of the laser
field on the photoionization yield of the ammonia molecule. We showed that, in the near-
relativistic intensities, magnetic component has a strong contribution to the yield and should be
taken into account. Our results indicate that this contribution increases with field intensities.
Our findings are in a good agreement with available theoretical results.
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