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ABSTRACT. Seth’s transition theory is applied to the problem of stresses in a solid 
rotating disk under heat generation subjected to variable density by infinitesimal 
deformation. Neither the yield criterion nor the associated flow rule is assumed here. The 
results obtained here are applicable to compressible materials. If the additional condition 
of incompressibility is imposed, then the expression for stresses corresponds to those 
arising from Tresca yield condition. It has been seen that circumferential stress are 
maximum at the outer surface for incompressible material as compare to disk made 
compressible materials. Density variation parameter increases the value of circumferential 
as well as radial stress at the outer surface of solid disk for compressible and 
incompressible materials. The present solution is illustrated by numerical results and is 
compared with heat generation case.  
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INTRODUCTION 
 

Rotating disks have a wide range of application in engineering, such as steam and gas turbine, 
turbo generator, flywheel of internal combustion engines, turbojet engines, reciprocating 
engines, centrifugal Compressors, brake disk and shrink fit. The analytical elasticity-plasticity 
of such rotating disks of isotropic materials can be found in many books (TIMOSHENKO et al., 
1970, JOHNSON et al., 1978), and the stress analysis in curvilinear orthotropic disks can also 
found in (LEKHNITSKII et al., 1981) The theoretical and experimental investigations on the 
rotating solid disk have been widespread attention due to the great practical importance in 
mechanical engineering. For a better utilization of the material, it is necessary to allow 
variation of the effective material or thickness properties in one direction of the solid disk. 
Most of the research works are concentrated on the analytical solutions of rotating isotropic 
disks with simple cross-section geometries of uniform thickness and specifically variable 
thickness. The solution of a rotating solid disk with constant thickness is obtained by (GAMER, 
1984, 1985) taking into account the linear strain hardening material behavior. (GAMER, 1984) 
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found the elastic-plastic deformation of the rotating solid disk under the assumptions of 
Tresca’s yield condition, its associated flow rule and linear strain hardening. To obtain the 
stress distribution, they matched the plastic stresses at the same radius  zr =  of the disk.  
Thermal stresses in a body due to heat sources are encountered in many engineering design 
and applications. Nuclear reactors are one example; electrical conductors and chemically 
reacting systems are others.  
 The thermal stress distribution of a strain hardening sphere due to a uniform heat source 
was investigated by (DASTIDAR et al., 1972) using the Ramberg-Osgood unaxial stress-strain 
relation. The effect of temperature on the transverse vibration of a rotating disk of variable 
thickness was investigated by (GHOSH, 1975) considering a uniform heat source. YOU et al. 
(1999) analyzed Elastic-plastic stresses in a rotating solid disk. GUVEN (2000) analyzed 
elastic-plastic solid disk with non-uniform heat source subjected to external pressure. AHMET 
et al. (2002) analyzed on the rotating elastic–plastic solid disks of variable thickness having 
concave profiles. THAKUR et al. (2015) investigated Infinitesimal deformation in a solid Disk 
by using Seth’s transition theory. THAKUR et al. (2015) studied elastic-plastic infinitesimal 
deformation in a solid disk under heat effect by using Seth’s theory. THAKUR et al. (2015) 
investigated thermo elastic-plastic deformation in a solid disk with heat generation subjected 
to pressure.   
 
 

METHODOLOGY 
 

(SETH, 1962) proposed transition Theory and defined generalized strain measure. Seth’s 
defined transition function for elastic-plastic and creep state. When a deformable solid is 
subjected to an external loading system, it has been observed that the solid first deforms 
elastically. If the loading is continued, plastic flow may set in, and if continued further, it 
gives rise to time dependent continuous deformation known as creep deformation. It may be 
possible that a number of transition states may occur at the same critical point, then the 
transition function will have different values, and the point will be a multiple point, each 
branch of which will then correspond to a different state. In general, the material from elastic 
state can go over into (i) plastic state, or to (ii) creep state, or (iii) first to plastic state and then 
to creep and vice-versa, depending upon the loading.  
 All these final states are reached through a transition state. In the plane stress condition, 
the transition can take place either through the principal stresses rrτ  or θθτ  becoming critical 
or through the principal stress difference rr θθτ τ−  becoming critical. Hence we have to 
consider the following three cases: (a) Transition through rrτ , (b) Transition through θθτ , (c) 
Transition through rr θθτ τ− . For each transition point, we have to determine the stresses and 
strains corresponding to the above three cases. Seth’s transition theory does not acquire any 
assumptions like a yield condition, incompressibility condition and thus poses and solves a 
more general problem from which cases pertaining to the above assumptions can be worked 
out. It utilizes the concept of generalized strain measure and asymptotic solution at critical 
points or turning points of the differential equations defining the deforming field and has been 
successfully applied to a large number of the problems (GUPTA et al., 2007, 2008) and 
(THAKUR et al., 2010, 2014, 2015). Results have been discussed numerically and depicted 
graphically. In general, steady-state temperature heat generation may be a function of space or 
temperature (BAYAZITOGLU  et al., 2008). This work is concerned with the steady thermal 
stresses in a solid disk under heat generation subjected to variable density. For the problem 
considered here, heat generation rate( )q r&  is a function of the radial position in the form 
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( ) 0 1
s

r
q r q

a

  = −  
   

&                                                   1(a) 

where 0q  is the magnitude of the heat generation at  r = 0, r is measured from the centre of 
solid disk, a is the radius of disk. The analysis is based on the usual assumptions of a plane 
stress state. The density of the disk vary along the radius in the form 

( )0 /
m

r aρ ρ −=                                                      1(b)  

where 0ρ is the constant density at r = a and m is the density parameter 

 
 

MATHEMATICAL MODEL AND BASIC EQUATIONS OF THE PROBLEM) 
 
We consider a state of plane stress and assume infinitesimal deformation. Suppose that solid 
disk having of variable density with radius a. The disk is rotating with angular velocity ω  
about an axis perpendicular to its plane and passing through the centre. The thickness of disk 
is assumed to be constant and is taken to be sufficiently small so that the disk is effectively in 
a state of plane stress that is, the axial stress zzT  is zero. The cylindrical polar coordinates are 
given by (SETH, 1962):   
 

(1 )u r β= − ; v = 0;  w = dz                                (2) 

whereβ  is function of r = 2 2x y+  only and d is a constant.  

The strain components for infinitesimal deformation are: 
 

( )1
A

rr
u

r
r

ε β β∂ ′ ≡ = − + ∂
, [ ]1

A u

r
θθε β≡ = − ,  

A

zz
w

d
z

ε ∂≡ =
∂

,    0
A A A

r z zrθ θε ε ε= = =                   (3) 

The generalized components of strain are given (THAKUR, 2010): 
 

( ){ } 21
1 2 1

n
rr r

n
ε β β ′= − + −

  
, { } 21

1 2 1
n

nθθε β = − −  
, 21

1 (1 2 )nzz d
n

ε  = − −  , 0r r zrθ θε ε ε= = =         (4) 

where  /d drβ β′ = . The stress –strain relations for isotropic media is given by (Sokolnikoff, 
1952): 
 

ijτ = 1 2i j ij ijIλδ µε ξ δ+ − Θ  , (i, j =1, 2, 3)                  (5)  

where ijτ  is the stress components  ijε strain components λ , µ  are Lame’s constants 1 kkI ε=  

is the first strain invariant ,ijδ  is the Kronecker’s delta where (3 2 )ξ α λ µ= + ; α  being the 

coefficient of thermal expansion and Θ  is a temperature. The mathematical formulation of 
the steady-state one-dimensional heat flow with heat source is given (BAYAZITOGLU  et al., 
2008) by  

  
( ) ( )1

0
d r q rd

r
r dr dr k

 Θ
+ = 

  

&

     in ar <<0              (6)  

The temperature field satisfying equation (6) and 
( )

0
d r

dr

Θ
=   at   r = 0, ( )rΘ =0   at   r = a. Using equation 1(a) and these boundary conditions, 

the steady-state temperature distribution is obtained as: 
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( )
( )

2 22
0

2

4
1 1

4 2

s
q a r r

r
k a as

+      Θ = − − −    
     +   

; where k is the thermal conductivity. Equation (5) 

for this problem becomes: 
2 2

2
2 2rr rr rrθθ

λµ µξτ ε ε µε
λ µ λ µ

Θ= + + −  + +
, 2 2

2
2 2rrθθ θθ θθ

λµ µξτ ε ε µε
λ µ λ µ

Θ= + + −  + +
, 

0zz zr r zθ θτ τ τ τ= = = = .                                           (7) 
From equation (5), strain components in terms of stresses are obtained as: 
 

1
rr rr

u

r E θθε τ ντ α∂= = − + Θ  ∂
,

1
rr

u

r Eθθ θθε τ ν τ α= = − + Θ   , zz rrE θθ
νε τ τ α= − − + Θ   , 0rr z zrθε ε ε= = =    (8) 

where ( )
( )
3 2

E
µ λ µ

λ µ
+

=
+

 and  
( )2

λν
λ µ

=
+

. Substituting equation (4) in equation (7), the stresses 

are obtained as:  

( ){ } ( ) ( ) ( )2 22
3 2 2 1 1 2 2 1 1

2

n n
rr

nc
c P c c

n

µ ξτ β β
µ

 Θ= − − + − − − − − − 
 

, 

( ){ } ( ) ( ) ( )2 22
3 2 2 1 1 1 2 1 2

2

n n nc
c P c c

nθθ
µ ξτ β β

µ
 Θ= − − + − − − − − − 
 

, 0zz zr r zθ θτ τ τ τ= = = = ,            (9) 

where  r Pβ β′ =  and 2

2
c

µ
λ µ

=
+

.The equations of equilibrium are all satisfied except: 

( ) 2 2 0rr
d

r r
dr θθτ τ ρω− + =                                      (10) 

Using equations (9) and (6) in equation (10), we get a non -linear differential equation inβ  
as: 

( ) ( ){ }

( ){ }

( )( )
( ){ } { } ( )

{ }

( )

2 2
2

212 2

2
0

2 1 1
2

1 2 1
1 2 1 12 2 1 1 2 12 1 1

4 2

8 2

n

n n

s

n r
P

n P P c n P cdP
c n P P

Pd

nc q r r

k s a a

ρω β
µ

β β
ββ β βββ

ξ
µ

 − 
 

  
− + −  

  
     + − −   + + − − − + − =   −+ −       
 

   − −   +      

  (11) 

where P (P is function of β and  β  function of r )and  ( ) ( )
12

0 4 2
.

4 2

s
q a r

r
k s a a

+  ′Θ = −  +    

  

TRANSITION POINTS: Transition points ofβ  in equation (11) are 0 . 0P and P P→ → ±∞ →  
gives nothing of importance.  
BOUNDARY CONDITION: The solid disk considered in the present study is with heat 
generation. The inner surface of the disk is assumed to be zero. The outer surface of the disk 
is applied mechanical load. Thus, the boundary conditions of the problem are given by: 
 u = 0    at   r =0     and    rrτ  = 0   at  r = a  (12) 
 
 

SOLUTION OF THE PROBLEM 
 

For finding the plastic stress, the transition function is taken through the principal stress (see 
Seth, 1962, 1966; Gupta et al., 2007, 2008; Thakur et al., 2010, 2014, 2015) at the transition 
point ±∞→P .We define the transition function R as: 
 



9 

 

 

( ) ( ){ } ( ) ( ) ( )2 2
3 2 2 1 1 1 2 1 2

2

n nn
C c P c cθθς τ ξ β β

µ
 = + Θ = − − + − − − − −     

        (13) 

where ς  transition function of r. 
Taking the logarithmic differentiation of equation (13) with respect to r and using equation 
(11), we get: 

( )

( ){ } ( )

( )( )
( )

( )( )

( ){ } ( )
( ) ( )

2 2 2 2

2 2

2

2

2 1 2 1
2

1
1 2 1 2 2 1

2
/

2log

3 2 2 1 1 1

2 1 2

n n

n

n n

n

n

n

n r
P

c
n P c n P c

c
nc d dr

d

dr c P c
r

c

ρω β β
µβ

β β β β

ξ
µβς

β

β

 
− + + − 

 
 −  − − − + − −  −  Θ
 −
 
 =−

 − − + − −
 
 − − −  

            (14)  

Taking the asymptotic value of equation (14) as ±∞→P  and after integration we get: 

( )
1

2 cArς
− −=                                                           (15) 

where A is a constant of integration which can be determined by boundary condition. From 
equation (13) and (15), we have:  

( )

( )

2 21 2
2 0

2

2 4
1 1

4 2

s
C c q a r r

Ar
n k a as

θθ
ξµτ

+− −
          = − − − −       

       +    

         (16) 

Substituting (16) in equation (10) and using 1(b) after integrating, we get: 

( )
( )

( )

( )
( )

2

1 2 2 2
2 0 0

2

2

1
2 2

1 4 34 1
1

32

m
C

rr s m

r

ac c q a r B
Ar

n c k rm br

s as

µ ξ ρ ωτ
−− −

+ −

  −  
    − = − − +  

 − −       − −    +   +   

       (17) 

where B is a constant of integration which can be determined by boundary condition. 
Substituting equations (16) and (17) in equation (8), we get: 
 

( )( )
( )

( )( ) ( )
22 2 21 0 02

21 2 3 2

1 2 2 3 3

s m
C

m

Eq a c ru c r B
Ar

r E n c c k s s a rm b

α ρ ωµ + −−
−

−

   −∂ −    = + − +     ∂ − − + + −       
                       (18) 

( )
( ) ( )

( ) ( )
( ) ( )

2 222 2
00

2

1 1 2 4
1

2 23 2 3

sm

m

c Eq a c sru r r B

r E c k a a rm b s s

αρ ω +−

−

  − − +     = − − + − −    −  −    + +  

                       (19) 

where   ( )
( )

2 3 2

2

c
E

c

µ −
=

−
 is the Young’s modulus. Integrating equation (18) with respect to  r  , 

we gets: 

( )
( )

( )
( )( ) ( )

1 32 2 3
0 02

1 12 2 2

3 2 21 2
log

1 2 3 3

c s m
c

m

c Eq a c rr
u A r B r D

E n ac k s s m b

α ρ ωµ − + −
−

−

  − −     = + − + +        − + + −   

         (20) 

where D is a constant of integration which can be determined by boundary condition. 
Comparing equations (19) and (20), one gets: 
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( ) ( )
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2

2

2

2 3

1 2 log2 3 2 1 1
1
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2 2 2 4

2 3

s
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c

m

s

c a r

as s

c c rEq ac r c rAr B
n c m k cm b aC r c

c s r

as s

αµ ρω

+
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−

−

+

 −   +  
  + +

 
     − + − − −      = + − −−         − − −−   −  −       

  − +    −     + +  

DE

 
 
 
 
 − 

 
 
 
 
  

     (21)  

and  ( )
( ) ( )

( ) ( )
( ) ( )

2 222 3
0

2

1 1 2 4
1

2 23 2 3

sm

m

c Eq a c r sr r r
u

E c k a am b s s

αρω +−  − − +     = − − + −     − −    + +   

       (22) 

Using boundary conditions (12) in equations (22), we gets: 0B = . Putting equations (21) in 
equation (17) and using boundary condition (11), we get:   
 

( ) ( )( ) ( )( )
( ) ( )
( ) ( )

22 3 3
0 0 1 41 1 1 3 2 2 3 2

3 2 3 1 2 2 3 3 2 2 1

c sa Eq ac c c c
D

E m c m c c k s s s c s c

ρ ω α    − +− − − −   = + − − − +      − − − − − + + + − + −      

Putting 

values of 1B , D and using equations (21) in equations (16) and (17) respectively, we get the 
plastic stresses and displacement as:  
 

( )
( )( )

( )
( )

( )( ) ( )
( )

( )
( )( ) ( )

( ) ( )( )

2 332 3 3
00

2

3 32 32 3
0 0

2

1 2 21 1
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2 3 2 2 3 3 2

sm m

m

s
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c c Eq a cr a c r

m c c m aa k s s c

Eq a c r Eq a c c sr r
r

k c a ak s s c

αρ ω

α α
τ

+− −

−

+

    − − −− −      + − − −         − − − −     + + −       

  − − − +    = − − + −     −    + + −  

( )

( )
( )( )

( )
( )

22
0

33
0

2
1

4

2 3 1
1

2 3 2 2

s

Eq a c r r

k a

Eq a c sr r

k s s a s s a

α

α +

 
 
 
 
   −      − −   
        
 
  − +    
 + − +    + + + +       

                                             (23) 

( )
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( )
( )( )

( ) ( )
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22
0 3 3 3

43 23 2
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2
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0
2
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1 2 1
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2 3 2 22 3 3 2

1 4
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m m m
m

s

c c c
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Eq a c c Eq a c rr r
r

a k c c ak s s c

Eq a c s

k s s c

θθ

ρ ω

α α
τ

α

− − −
−

+

  − − −   − + +   − − − −− −      

   − − −      = − − − −      − −   + + −       

− +
+

+ + − −( )
( )

( )
( )

( )( )
2 22 3

0 0
2

2 1
1 1

2 32

s Eq a c r Eq a cr r

a a k s sc k s

α α+

 
 
 
 
 
 
 
 
    − −      
 − − − +       + +    +       

      (24)  

( )
( ) ( )

( ) ( )
( ) ( )

2 222 3
0

2

1 1 2 4
1

2 23 2 3

sm

m

c Eq a c r sr r r
u

E c k a am b s s

αρω +−  − − +     = − − + −     − −    + +   

                             (25)    

Initial Yielding: For a solid disk the stress at the centre is given when  r = 0. With r equal to 
zero the above equations will yield infinite stresses whatever the speed of rotation, these 
stresses are not meaningful. Suppose we take yielding at 1rr = (say), then equation (23) 
becomes:  
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    −     
 − − −     
         
 
  − +    
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where 0σ  denotes the initial yield stress. The angular speed necessary for inner-plastic-zone is 
given by: 

( ) ( )
( )( ) ( )

( ) ( )
( )

( )( ) ( )( )
( ) ( )( )

( )( )

( )
( )( )

( ) ( ) ( )( )
( )

2 3 23 2 3 2
1 1 1 1 1 1 1 1

2 2
1

1 3
1 1

12

3
1

1

2 1 1 1 2 1 4 1 2 1

2 3 2 42 3 3 2 2 3 3 21
2 3 1

1
2 3 2 2
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1 21 1 1

1 1
3 3 2 2 3

s s

s

m

Q c x Q c x Q c c s x Q c x

cs s c s s c x

Q c s
x x

s s x s s

c c c
x

m r c c m

+ +

+

−

 − − − − − − + − − −
 + − +
 −+ + − + + −+  
 −  + − − +   + + + +    Ω =

 − − − − + −  − − − − 

 


  

      (26)   

where ( ) ( )1 10 / 0.4x r r a= < < = ,
2

0

0

E q a
Q

k

α
σ

=  ; 
0

rr
r

τσ
σ

= .The stresses and displacement are 

obtained in non dimension form as: 
 

( ) ( ) ( ) ( )
( )

( ) ( )
( ) ( ) ( )

( ) ( )
( )
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( ) ( )( )
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1
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s

m

r
s

s
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x

m x c c m Cs s c x
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x x
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σ

+
−

+
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             (27) 
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( ) ( )
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2
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s

s

c
x Q c c x Q c xc c c m

cm x c c cs s c x
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θσ

+

+

  − − +    − − − − −Ω − − − −    − −
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− + − − − −
+ − +
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       (28) 

( )
( ) ( )

( ) ( )
( ) ( )

2
1 13 2 2

1 1 12

1 1 2 4
1

2 3 2 2 3

m sic Q c x s
u x x x

c m s s

− +
  − − +Ω   = − − + − 
 − − + +   

                                      (29) 

where 
0

θθ
θ

τσ
σ

= ; 0 .
u a

u
E

σ
=  

 
 

RESULTS AND DISCUSSION 
 

To see the effect of stresses and displacement distribution in a rotating solid disk following 
values have been taken c = 0 (Incompressible material), 0.25 (Compressible material), 0.75 
(Compressible material), 1Q = 200, 400 and s = 3. In Figure 2-3, curve has been drawn 
between stresses and displacement of the rotating solid disk having density parameter (m = 0, 
0.25. 0.5) and having different values of heat source along the radii ratio ( )arx /1 . It has been 
seen that circumferential stress are maximum at the outer surface for incompressible material 
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as compare to disk made compressible materials. Density variation parameter increases the 
value of circumferential as well as radial stress at the outer surface of solid disk for 
compressible and incompressible materials. With effect of heat generation, stresses and the 
displacement must be increase for compressible and incompressible materials. 
 
 

CONCLUSION 
 
It has been seen that circumferential stress are maximum at the outer surface for 
incompressible material as compare to disk made compressible materials. Density variation 
parameter increases the value of circumferential as well as radial stress at the outer surface of 
solid disk for compressible and incompressible materials. 
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Figure 2. Stresses and displacement distribution 
in solid disk. 
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Figure 3. Stresses and displacement 
distribution in solid disk. 
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