Kragujevac J. Sci37 (2015) 91-98. UDC 541.27:541.61

THE TOP TEN VALUES OF HARMONIC INDEX
IN CHEMICAL TREES

Aliye Zolfi!, Ali Reza Ashrafi® and Sirous M oradi?

!Department of Mathematics, Faculty of Mathemat®eaiences,
University of Kashan, Kashan 87317 — 51167, |.r& |
’Department of Mathematics, Arak University, Aralk! Iran
E-mails: ashrafi_1385@yahoo.co.i#shrafi@kashanu.ac.ir

(Received July 3, 2014)

ABSTRACT. Let G be ann-vertex graph with degree sequerdie o, ..., d. The
harmonic indext(G) is defined a1/ 1(G) , where(G)=XIL,(1/d;). In this paper the top
ten values of harmonic index in the set of all clvaitrees of orden are determined.

Keywords: Harmonic index, chemical tree.

INTRODUCTION

We use West [1] for terminology and notation nofirtexl here and consider finite
simple connected graphs only. Supp@ses such a graph wit(G) = {vi, W, ..., \}. If we
sort vertices o6 in such a way that degj < degf.) < ... < deg{,) then the sequence( d;,

..., @) is called a degree sequence@mwhered; = deg{;), 1<i<n.

A graph invariant is any function on a graph the¢sinot depend on a labeling of its
vertices. A big number of different invariants haseen employed to date in chemistry for
solving some chemical problems. Here we are intedeto the harmonic index defined as
H(B) = n/I(B), wherel(B) = Y1, (1/d;), for a graptB. This topological index was introduced
by Narumi [2].

A chemical tree is a tree in which every vertex tagree at most 4. We denote by
g(n), the set of alh-vertex chemical trees. It is easy to see thatahdB are two elements of
g(n) with the same degree sequence thi¢A) = H(B). This is motivation for defining an
equivalence relation~ on g(n) by A ~ B if and only if A and B have the same degree
sequence. Suppose C(n) denotes the set of all equivalence classes of ~ on €(n) andT;, T,

O €(n). Define 77 < T if and only if for each element 4 0 77and B [7 T, we have H(A) <
H(B).

The aim of this paper is to compute the first 1&mmum value of harmonic index.

We encourage the reader to consutd3for basic computational techniques on the pnoble
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MAIN RESULTS

In this section, we are analyzing chemical treeh W', 1< k < 10, maximum values
for the harmonic index. In order to formulate oesults, we need introduce some graph
notations used in this paper. Define:

Tiu(n) ={M JCT(n) |OTLCT(N) ; H(T) < H(M)},
and for each, 1<i <r = |CT(n)|, we have:
Tn(m) ={M JCT(N) - T, O ... O Tix} | OTLHCT(n) —= £ O...0 Ti ; H(T) < HM)},
wherer is the number oh-vertex chemical trees. The elementsTgfi(n) are calledi™
maximum class of chemical trees with resped iadex.

Lemma 1. Let T,, be ann-vertex chemical tree ang,' is ann-vertex chemical tree obtained

from T, by deleting a pendant vertex and appending a pendatex to another pendant
vertex ofT,. Then I(T,") < I(Ty).

Proof. Supposeivis a pendant edge @f, deqv) = 1,degu) > 2 andw is a pendant vertex of
T, such that T,,' is obtained by deletinguv and appending it tow. Then

degrn (w):lzdegﬂ:‘ (w)-1 degr, (u)=degr :(u)+1 and for another vertex different

from u andw, degr. (x) =deg. (x). On the other hand,(T.)) = ¥y + o +— =
" o n “Yd, d, d
X u w
1 1 1 1 1
ZxEuw g +— + 1 and  I(Ty)=Eyxzuws—+ + =
“Md, d, dy dy-1 dy+1
2 xtu wi Lty l Thus 1 + 1 < 1y 1 which is equivalent tel— < 1,
d, d,-1 2 d,-1 2 d, d,(d,-1) 2
proving the lemma. <

Corollary 2. Let T be ann-vertex chemical tree thd(T) > 1 + n/2 with equality if and only
if Tis a path of length. The seconeminimum value of index is4/3 + n/2 and it is attained

if and only if T is isomorphic toPrf , Where Prf is a tree with exactly three pendant vertices.

Lemma 3. Let T, be an rvertex chemical tree containing vertiagsz such thatleg(u) = 2
anddeg(2) = 2 or 3. Supposd; andT, are maximal subtrees ®f containingu as a pendant

vertex andz /7 V(T,), Figure 1. IfTrf Is the chemical tree constructed frdmand T, by

identifying u andz then I{Ty) < I(T, ), Figure 2.

Proof. It is easy to see thadeng w=2 degT* (u) =1, degT* (2 :deng (2 +1 and for
n n

another arbitrary vertex >deg1-n (x) = degT; (x).

Figure 1. The Chemical Tree,IContaining a Subtree, T
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Figure 2. The Chemical Treé'; Constructed fronT; andT,.

1. 1 1 1 1, 1

Therefore, I(T.) = D e =Xwzug TS5t and
n Zu zZu
d, d, d, dy 2 d,
* 1 1 1 . 1 1 1 1 1 1 1
IO ED = . Since —+—<>+ yoo T <, and so
d, 1 d,+1 2°d, 1 d+1' d, d,+1 2
1 proving the lemma. <
d_(d, +1)

Lemma 4. Let T,, be an avertex chemical tree containing vertiagesnd z of degree 3. We
also assume thdy, T, andT; are maximal subtrees @f, with u as a pendant ara/7/ Ts. If

Tr',' is the chemical tree constructed frdmandT, by identifyingu andz then I{T,) < I(Tr',' ).
Proof. By our assumptiondeng (u)=3 degT-- (u)y=2, deng (2)=3 anddegT-- (2) =4
n n

Thus,

=

1 11
= > —+—+—
dx 3 3

+

1
+ il
u d2 X# ZU

1
|(Tn) :Z)gtz,ud_

X
1

+

NIk, o

" 1
I(T,)= +—,
( n) Zx:tz,udx 4

which implies that I(,) < I(T;,).

Figure 3. The Chemical Tree, I Figure4. The Chemical Tree,T.

Remark 5. SupposeT is a chemical tree with maximumindex andr(i), i < 4, denotes the
number of vertices of degréeThen by Lemmas 3 and42) +r(3) =0, 1.
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In what followsg(n) denotes the set of alvertex chemical trees.

Corollary 6. An n—vertex chemical tre& has the maximum value bindex ing(n), if T has
the maximum number of pendantsgi(n) and norpendant vertices satisfyim¢?) +r(3) < 1.

In Table 1, the number of pendants, the numbeedices of degree 2, the number of
vertices of degree 3 and the number of verticedegfree 4 are computed for the maximal
chemical trees with respectitindex, when the number of vertices are at mostriiGable 2,
then-vertex chemical trees with respect tadex, 4 n< 13, are depicted.

Table 1. The Number of Vertices of Each Degree in
n-Vertex Chemical Trees,4n<16.

#Vertices | #Vertices | #Verticesof # N

of Degree2 | of Degree 3 Degree 4 Pendants
0 1 0 3 4=3x1+1
0 0 1 4 5=3x1+2
1 0 1 4 6=3x1+3
0 1 1 5 7=3x2+1
0 0 2 6 8=3x2+2
1 0 2 6 9=3x2+3
0 1 2 7 10=3x3+1
0 0 3 8 11=3x3+2
1 0 3 8 11=3x3+3
0 1 3 9 13=3x4+1
0 0 4 10 14=3x4+2
1 0 4 10 15=3x4+3
0 1 4 11 16=3x5+1

Table 2. The Maximal Chemical Trees with respect todex, 4<n<13.

n=4 n=5

n=6 * = n=7

n=8 n=9

——
——

n=10 I 1 T n=11

w12 b NP I I I
L1
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From Table 2, it is natural to ask whether or th& maximal tree with respect to
index is unique. In the following example we respoegatively to this question.

Example 7. Consider the graphs andB depicted in Figures 5 and 6, respectively. By &mp
calculations, one can see tihaandB are non-isomorphic graphs with the samedex. This
shows that the maximum of | index can be occumedaore than 2 chemical trees.

g

Figure5. The GraphA. Figure 6. The GrapiB.

Supposez(n) denotes the set of alkvertex chemical treeg,= 3k +t, 1<t<3,n>3
andT [ g(n) is ann-vertex chemical tree having maximunndex. One can easily seen that
r(1) = X+ 2-|1]andr(2) +r(3) = 1. Ift = 3 thenr(2) = 1,r(3) = 0, and it = 1 thenr(2) =
0 andr(3) = 1. Therefore, r(4) = n —r(1) — r(2) — r(3h= (2k + 2= [ 1)) — (r(2) + r(3)) = 3k
+r—2k-241t]-1=k+t-3 414/

Remark 8. Supposd [0 g(n),n =3k +t 1<t < 3, andn> 3. Then the maximum dfindex
is occurred ifr(1) = & + 2- L1/, r(2) +r(3) = 1 andr(4) =k + t — 3 +[ 1. In this case, the
value ofl index is computed biT) = 2k + 2— [ 1/t] + Yak + r — 3 +[1/r]) +r(2)/2 +r(3)/3.
Moreover, ifn = 3k + 3 therr(2) = 1,r(3) =0 and in = 3k + 1 thenr(2) = 0 and'(3) = 1.

Corollary 9. Supposdl is ann-vertex chemical tree having maximaindex ing(n), n = 4.
Construct the chemical tréefrom T by deleting a pendant connected to vextex degree 4

in T and connecting to a vertex of degree 2. Ifrehis not a vertex of degree 2 then we
connect it to a pendant. Then the chemical tregathahe second maximum value of | index.
Example 10. In this example two chemical tre€sand D are constructed such that the

number of pendants & is greater tha®, butl(D) < I(C). These are depicted in Figures 7
and 8. It is easy to calculat@®) = 17 + 1/4 < 17 + 1/6 HC).

ST

Figure7. The Graph C.

JATIrrrrrrrr .

Figure 8. The Graph D.
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We now compute the first ten values of harmoniexth the class of all chemical

trees. At first, it is an easy fact that the pBthand the chemical tre@rf have the maximum
and second maximum harmonic index, respectively.

Z Uy w u -~ g
- .n.\ . LS & J-..._.-._.n._g_;..... '|'|'1

Figure9. The GraphPrT :

To find the third maximum value of harmonic indeve consider two classes, ¥nd
Y, of chemical trees with exactly four pendant veian which X has exactly two vertices
of degree 3 and remaining vertices of degree 2,Yarfths exactly one vertex of degree 4 and
remaining vertices has degree 2.

Remark 11. The third and fourth maximum values of harmonidex in the class of chemical
trees will attain in X and Y, respectively.

We are now ready to compute the fifth and sixttues of harmonic index in the class
of chemical trees. We consideruertex chemical trees with five pendant verticdseSe are
in the form of graphs which are depicted in Figut@sor 11. These values for the fifth and
sixth maximum values of+vertex chemical trees, B 8, are 2n/(n+4) and 12n/(6n+25),
respectively.

o
Z uy w TEP R z/ k ¥ u
' I & A _‘_._‘_‘ llT [ SE— )
\ \ \ St ;
v T T g
\‘ \1 i Lt !
\\ ' \-‘ ‘\.‘_\- !
T1
Figure 10. Figure 11.

£y i ' 1 | '
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- \ .\ i\ o — 1 1 1 1 1 1
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"

Figure 12. Figure 13.
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Figure 14. Figure 15.

Apply again our algorithm to compute the sevenifhth and ninth maximum values
in the class of all fivertex chemical trees. These chemical trees haaetlg)six pendants and
can be drawn as Figures-1I2l. The tenth maximum value can be occurred in atertrees
having seven pendants. This chemical tree is d=piatFigure 15.

We record our main result in the following theorem:

Theorem 12. For eachd, 1 < < 10, Tg H(n) ={Asn}, where chemical treeb;, are
depicted in Table 3.
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Table 3. The K" Maximum of Harmonic Index of Chemical Treess B< 10.

th . n
Names | K |#Vertices | H Index Thek Max'mlérenXOf Harmonic
Ass | k=3 n=>5 20/17 I
Asn | k=3 | n=6 | 6n/(3n+10)
Asn k=4 n>6 4n/(2n+7) R D S
Asy | k=5 n=7 84/67 I I
Asn k=5 n>8 2n/(n+4)
Agn k=6 n>8 12n/(6n+25) ] l
Azs k=7 n=38 16/13 I I
Arg | k=7 n=9 108/83 I 1
Azn | k=7 | n210 | 6n/(3n+14)
Asg k=8 n=9 0/7 I I
Asgn k=38 n>10 12n/(6n+29) ] 1 1 -
Agn k=9 n>10 2n/(n+5) | o { { . e e e
_10| n- T ]
Ao | k=10 n=10 60/47 1 1 I
A1 | k=10 n=11 4/3 l I I I
Awn | k=10| n=12 | 6n/(3n+16) [T 1711




