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ABSTRACT. Mathematical model has been developed to investigiady state creep
in a variable thickness rotating disc made of fiomatlly graded Al-SiCp. The SiCp
content in the disc is assumed to decrease frominther to outer radius. The creep
behavior of the disc material is described by thoks stress based law with a stress
exponent of 5. The stresses and strain rates imidweare estimated by solving creep
constitutive equations along with the equilibriuquation for a rotating disc. The stresses
and strain rates have been estimated for similavl B&cs with three different thickness
profiles i.e. constant thickness, linearly varying thickness dmngberbolic varying
thickness. The FGM disc having hyperbolic thickneasfile exhibits the lowest stresses
and strain rates compared linear or constant te&krdisc. The tangential and radial
strain rates in FGM discs with linear and hyperdfiickness profiles are respectively
lower by about two and three orders of magnitudewtompared to a constant thickness
FGM disc. The FGM discs having linear and hypexbtiickness profiles possess lesser
chances of distortion due to relatively uniformtdimition of radial strain rate.

Key words: Modeling, Creep, Rotating Disc, Functionally Gradialterial, Thickness
Profile.

INTRODUCTION

Rotating discs are the most critical part of rotéusbines, flywheel etc. [1-3]. In most
of these applications, the disc has to operatengldeated temperature and is simultaneously
subjected to high stresses caused by disc rotatidngh speed [4]. As a result of severe
mechanical and thermal loadings, the disc undergeep deformations, which may severely
affect its performance [2, 5-8]. Metal matrix corsftes containing aluminium/ aluminium
alloy matrix reinforced with ceramics like SiC affexcellent mechanical properties such as
high specific strength and stiffness and high tenaijpee stability. Therefore these composites
are suitable for rotating disc applications involyithermo-mechanical loadings [2, 9]. In
general, the distribution of reinforcement in comsipes is kept uniform. Functionally Graded
Materials (FGMs) are special types of compositewlinch the content of constituent phases
is continuously varied as a function of positiombnates along certain dimension(s), so as
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to achieve desired variations in required properfi, 11]. As a result, the FGMs can be
tailored to sustain under severe thermo-mechanazding conditions, as observed in a
rotating disc [12].

The problem of creep in rotating FGM disc opergtimder thermo-mechanical
loadings has attracted the interest of many rebeasc SNGH and R\y [13] studied the
steady state creep behavior of a constant thickmetsing disc made of isotropic
functionally graded AI-SiCp and operating under anstant elevated temperature. The
distribution of SiCp was assumed to decrease lipdaom the inner to outer radius of the
disc. The steady state creep response of the F&Md idi observed to be significantly
superior to a similar disc having uniform distrilmut of SiCp. @PTA et al [14] analyzed
steady state creep in a constant thickness rot&g (Al-SiCp) disc operating under a
radial thermal gradient. The analysis indicateg tbathe assumed linear distribution of
SiCp, the steady-state strain rates in the FGM disc significantly lower than those
observed in an isotropic disc having uniform dksttion of SiCp. Yu et al [15],
assuming Young’s modulus, density and thermal esipancoefficient to be functions of the
radial coordinate, obtained closed form solutiamsrbtating FGM disc operating at uniform
temperatureCHEN et al [16] presented three-dimensional analytical sohg for a rotating
disc made of transversely isotropic FGMAYRT et al [17] performed thermo-elastic analysis
of a rotating FGM disc of constant thickness withai and large deflections. It is observed
that for certain values of grading inde® Of the material properties, mechanical respoinses
an FGM disc can be smaller than a homogenous Biisa\T et al. [18] further extended their
analysis to obtain elastic solutions for rotatinGNF discs having variable thickness.
KORDKHEILI and NAGHDABADI [19] presented semi-analytical thermo-elastic tsohs for
solid and hollow rotating axi-symmetric FGM disesler plane stress condition.

ORrcaN and ERASLAN [20] observed that the reduction in disc thicknesseases its
plastic limit angular velocity and reduces the niagles of stresses and deformations in the
disc. AHED et al [21] pointed out that the use of variable thickhéisc helps in minimizing
the disc weight, as desired in aerospace applitatiGPTA et al. [22] also observed that a
rotating disc having radially decreasing densitg #nickness from the inner to outer radius is
much safer in comparison to a flat disc havingalale density. Al et al [23] obtained elastic
solutions for a variable thickness rotating FGMcdiBhe material properties were represented
by combination of two sigmoid FGM. The effects ofaterial grading index and disc
geometry were investigated on the stresses anthdespents. WssANI et al [24] analyzed
stresses and strains in a variable thickness mgtalisc with non-uniform material properties,
subjected to thermo-elasto-plastic loadingiARUR et al [25] analyzed steady thermal
stresses in a rotating disc, mounted on a shafingalensity variation parameter by using
Seth’s transition theory. It is noticed that thecdmade of compressible material requires
higher percentage increase in angular speed tarieetdly-plastic as compared to disc made
of incompressible material.

The literature consulted so far reveals that tlueliss concerning creep in rotating
FGM disc having variable thickness are rather scEmtrefore, it is decided to investigate the
steady state creep in a rotating disc made of imally graded Al-SiCp and having varying
thickness profiles. The creep stresses and creaeg hmve been estimated in FGM discs
having linearly and hyperbolically varying thicksegrofiles. The results obtained are
compared with those estimated for a constant tles&i-GM disc to see the impact of varying
disc profile on its creep performance.



37

DISTRIBUTION OF REINFORCEMENT

The distribution of SiCp in the FGM disc is assunteddecrease linearly from the
inner to outer radius. Therefore, the density areg parameters, being dependent on the
content of reinforcement, of the FGM disc will alsaxy radially. The content of SiCp(r),
at any radius in the FGM disc is given by,

r—-a
V(r) :Vmax - Eb _ a; (Vmax _Vmin) = a-1 - a-2r (1)
where, 8, = (V. +ad,), J, =W andv,andv, are respectively the maximum and

minimum SiCp content at the inner and outer rafiihe disc respectively.

It is assumed that the total content of SiCp isaéquall the FGM discs chosen in this
study. Therefore, the average SiCp content in ibe (l,,) can be estimated as,

TZn rh (r )V (r)dr

VT —
T (% -ad)t

(2)

The inner &) and outerlf) radii of the disc are assumed respectively agsdhmand
152.4mm and the average thickned} ¢f the disc is taken as 25mm as assumed in our
previous work [2, 14]

DISC THICKNESS PROFILES

In this study, the analysis has been conductegdnable thickness FGM disc having
linear and hyperbolic thickness profiles.
For FGM disc having linearly varying thickness, theknessh(r) at any radius is
given by,
h(r)=h, +2c(b-r) (3)

w andh, andhy, are thickness of the FGM discata and r =b respectively.

(b-2a)

wherec=

Substitutingh(r) and v (r) respectively from egs. (1) and (3) into eq. (2)e onay
obtain the minimum SiCp content in linearly varytihgckness disc as,

V. = V...(hb? —2h a* + b’c - 5a’bc+ ab’c + abh, + 3a’c) — 3V, t(b” —a%)
m (abh, + ab’c + a’h, + a’bc— a’c - 2b’h, - b’c)

(4)

For the purpose of numerical computations, it suated thaWmax= 35% andVa,, =
20%, therefore, one ge¥,in = 6.54%.
In case of hyperbolic varying thickness disc, theknessh(r) of the disk is assumed
to vary radially according to the following equatjo
h(r)=C,r* (5)
Wherek (= -0.5) andC, are the constants.
By equating the volume of hyperbolic disc with tliitconstant thickness disc, one
obtains the value dZ, as,
_ 15 -a)t
a” 2(b3/2 —g32
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Substitutingh(r) andV (r) respectively from egs. (1) and (5) into eq. (2)e abtains
the minimum SiCp content in the hyperbolic FGM dasg

Vmin :Vmax - (b - a) [Rvmax - Svav] (6)

2_ 42
Wherer=X =M P=2C, (b** -a%?), chaF(b— a)b®? —i(lo?”2 —a”)} and m =&t
Q Q 3 15 2

For Vimax= 35% andV,, = 20%, as assumed for linear thickness disc, ete\hin =
8.11% for hyperbolically varying FGM disc.

CREEP LAW AND CREEP PARAMETERS

In aluminium or its alloys based composites, underg steady state creep, the
effective creep ratgg) is related to the effective stre¢g) through a well documented
threshold stresgs,) based creep law given by [26-27],

E=A (E%O(r)]” exp{_R—i_)j (7)

where the symbol#&\, n, Q, E, R and T respectively denote structure dependent parameter,
true stress exponent, true activation energy, teatpe-dependent Young's modulus, gas
constant and operating temperature.

The creep law, eq. (7), may alternatively be wniths,
e=[M)@-0,)]" (8)
1/n
Where M(r) :é(A' exp%] and g, are creep parameters depending on the type ofrialate
and the temperaturd@) of application.

In a composite, the dispersoid-siZ@) (@nd content\() are the primary variables
affecting these parameters. In this study, theesabfM andasy have been extracted from the
uniaxial creep results available for Al-$iQ28], as reported in Table-1. The regression
analysis has been performed for data given in Tablesing DATAFIT software, to estimate
the values of M andy, at any radiusrf of the FGM disc, in terms of SiCP siZ@),(content
of SICP,V(r), and operating temperaturB (The developed regression equations, as reported
elsewhere [12], are as below,

M (r)=0.0288- 0.0088_ 140267, 0.0322 ©)
T V(r)
0,(r)=— 0084P- 0023T + 1185/ ( }+ 22207 (20)

In the present study, the stress exponghig selected as 5, the siz@) (of SiGs is
taken as 1.Zzm and the operating temperatuii@ {s assumed to be 6Z3over the entire disc,
similar to that chosen in earlier work [12]. To aiot the distributions of stresses and strain
rates in the FGM discs, the creep parameters diraated from the regression egs. (9) and
(20).
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ANALYSIS

The generalized constitutive equations for creepnnsotropic composite disc under
plane stress condition.€. axial stress,o, =0) takes the following form when the reference

frame is along the principal directiomsg andz of the disc [14],

gr —%[20} _US]
&g —Zi_[ZJH Ur]
gz =%[_ Ur _UG] (11)

where¢,, ¢, and ¢, are the strain rates m ¢ andz directions respectively and, and o,are
respectively the stressesriand 8 directions.
The effective stressx() in a rotating disc under plane stress conditsogiven by [2],
__1 y
UZE[UHZ-'-U}Z-F(O} _00)2] i (12)
Substitutinge and @ respectively from eqgs. (8) and (12) into first atjion amongst
the set of egs. (11), the radial strain ratg (n the disc is obtained as,

. _du, _ [2x(r) -1]

a2 X -x(+D]
Wherex=0, /o, , u, =(du/dt) is the radial deformation rate ands radial deformation in the
disc.

Similarly, from the second equation amongst thedeegs. (11), one obtains the
tangential strain ratezf) in the disc,

U, _ [2-x(1)]

&g = 2 1/2
r 2[{x(n}" —x(r)+1)]
From egs. (13) and (14), one gets the tangentedsiy,) in the disc as,

[M(r}{Z - a(r}]" (13)

M(r}{@-ay(r}]" (14)

()
Oy -M—(r)“//z(f) (15)
Where,
e _ 7,(1) 16
O 0017 O Ty -xo) 1 (16)
and,
2 X)) (heln)
w(r) = (T ex;{{ ; dr] (17)

Considering the equilibrium of forces acting on tR&M disc having varying
thickness [29], one obtains,

d—O:[h(r)fUr]-h(r)Ug +p(New’rh(r) =0 (18)

Where p(r) is the density of composite disc at a radius
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If the disc is assumed to be under free-free cantdti.e. the disc is connected to the
shaft by means of splines, the following boundamyditions may be applied [14],
o, =0atr=a andog, =0atr=b (29)
Simplifying eq. (15) one gets,

b
) ‘f;g;[ﬂb T~ IO (r)dr}

g, = -
Ih(r)wl (r) dr
M (r)

4, (r) (20)

a

Integrating the equilibrium eq. (18) between Isratto r, the radial stresw, in the
FGM disc is estimated as,

o= L [_r[h(r)agdr—wZI:Apl _Bp((hb+20b)(r4_a4)_2C(r5_a5)H] o
h(r)r 4 5

a

Where | (=j;hr2dr) is the polar moment of area of the disc elemenrt wie inner and outer

radii respectively aga andr.
Once the distributions af, ando, in the FGM disc are known, the strain rates £,)

in the disc are estimated from egs. (13) and (@dpectively.

RESULTSAND DISCUSSION

A computer code, based on the mathematical formounlgiresented in section 4, has
been developed to estimate the distributions afssts and strain rates in the FGM discs
having linear and hyperbolic thickness profilest Emmparison, the results are also estimated
for a similar FGM disc having uniform thickness.

Figure 1 shows the variation of thickness for thaldkerent FGM discs chosen in this
studyviz constant thickness FGM disc (disc 1), linearlyyrag thickness FGM disc (disc 2)
and hyperbolically varying thickness FGM disc (d&c Figure 2 shows the distribution of
reinforcement (SiCp) in various FGM discs. The Sigmtent decreases from the inner to
outer radius in hyperbolic and linear FGM disce.(disc2 and disc3) while in uniform
thickness FGM discl the content of SiCp remainsva over the entire radius. The
maximum difference in SiCp content between disa?@nc3 is 1.5%01% at the outer radius.
Figures 3(a) and 3(b) show respectively the vanatf creep parameteM andoo in FGM
discs. The value of paramett in hyperbolic and linear FGM dis¢.€. disc2 and disc3)
increases non-linearly with increasing radial dis&a The increase observed in parambter
is attributed to decrease in particle contéf{t), in disc2 and disc3, as one move from the
inner to outer radius (Figure 2), as evident from @). On the other hand, the threshold
stress,op, shown in Figure 3(b), decreases with increasadjat distance, as observed for
FGM disc2 and disc3. The threshold stress is higheegions having more amount of SiCp
compared to those having relatively lower SiCp eantas revealed from Figure 2 and eq.
(10). Both the creep parametdwsandaog, observed in uniform thickness FGM discl remains
constant due to uniform amount (261%) of SiCp over the entire disc radius.
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Figure 1. Disc thickness profiles of the FGM discs.
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Figure 2. Variation of particle content in FGM disc

Figures 4-8 show the effect of varying disc proble the steady state creep behavior
of the FGM discs. The radial stress, as shown guréi 4, increases from zero at the inner
radius, reaches a maximum, before becoming zermn agfathe outer radius, under the
imposed boundary conditions given in eq. (19). @M disc2 having hyperbolic thickness
profile exhibits the lowest radial stress over émtire radius as compared to any other FGM
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discs. The radial stress in FGM disc3 is highenttiee FGM disc2 but lower than the FGM
discl. The maximum difference observed in radi@sst between uniform thickness discl and
hyperbolic disc2 is about 11.8@Pa at a radius of 78.6¥hm. The effect of varying disc
thickness profile on tangential stress, FiguresSimilar to that observed for radial stress in
Figure 4. The tangential stress in hyperbolic discgthe lowest and the highest in constant
thickness discl. The effect of varying disc thickm@rofile is relatively higher towards the
inner radius than observed at the outer radius.rm&emum variation observed in tangential
stress between constant thickness discl and hylpedisc3 is 32.5MPa at the inner radius.
The effect of thickness profile on effective strasd=GM disc, Figure 6, is similar to that
observed for tangential stress in Figure 5. Theehyplic disc2 again exhibits the lowest
effective stress over the entire radius. The lot@@gential and effective stresses observed
towards the outer radius of hyperbolic disc2 isitaited to reduced centrifugal loading as a
result of lower thickness of the hyperbolic dishan the constant thickness (discl) and linear
thickness (disc3) discs. At the inner radius, altitothe centrifugal force caused by disc
rotation will increase due to increase in disc kha&ss, the simultaneous increase in disc
cross-section area leads to reduce stresses neanribr radius of hyperbolic disc2 as
compared to constant thickness discl and lineekniess disc3.

|
n
n

| disel (Constant Thickness) 1 7 dise] (Cemstant Thickress)
g dsed(linear Thickness) , 50 ‘:\ """" disc2 (Linear Thickness)

1 T dise3 (Hyperbolic Thickness) 1™~ — o
PR ks 45 3 “\,ﬁ% disc3 (Hypesbolin Thic kness)
=N ] “‘“mx
E‘H ] )/, A0 _: B H\

1 — s I ]
@ 4 A 0, 35 3 \-E;_H‘\
e e R T
NE P RN
O T rter =] R
: 20 3 N
" 15 3
I::I-I|IIll||||||||||||||||||||||| 10:|||||||||||||||||||||||||||||
40 a1l 80 100 120 140 40 510 80 100 120 140
Radius () Eadius (pen)
(@ (b)

Figure 3. Variation of creep parameters in FGM glisc
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Figure 7. Effect of thickness profile on tangensthin rate.
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The tangential strain rate, Figure 7, is the higlagsthe inner radius and goes on
decreasing with increasing radial distance. Th@dahal strain rate is significantly affected
by varying the disc profile. The tangential streate is the highest in uniform thickness discl
and the lowest in hyperbolic disc2. The tangerstedin rate in hyperbolic disc2 and linear
disc3 is lower by about three and two orders of mtage respectively than the constant
thickness discl. The effect of varying disc proble radial strain rate, Figure 8, is similar to
those observed for tangential strain rate in Figur&he radial strain rate in hyperbolic and
linear FGM discsi(e. disc2 and disc3) becomes relatively uniform thandbnstant thickness
discl, thereby reducing the chances of distortiothe FGM disc having variable thickness.
In addition, the nature of radial strain rate ihthke FGM discs becomes tensile in some
region in the middle of the disc. Though, the magte of tensile radial strain rate is the
lowest in FGM disc2. Towards the inner radius,ltveer strain rates in hyperbolic disc2 than
the constant thickness discl and linear disc3titbated to lower effective stress (Figure 6),
lower value ofM and higher value o, (Figures 3a-3b), as is evident from egs. (13)-(14)
Inspite of lower value of paramet® and higher value oé, towards the outer radius of
hyperbolic disc2, the strain rates in this disthis lowest as a result of the lowest effective
stress (Figure 6).
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Figure 8. Effect of thickness profile on radiakstrrate.

CONCLUSIONS

The present study reveals that the creep stresskestiin rates in the FGM disc are
significantly affected by varying the disc profiléhe radial, tangential and effective stresses
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in the FGM disc having hyperbolic thickness arengigantly lower than those observed in

FGM discs having uniform and linearly varying thigss. When a constant thickness FGM
disc is replaced by similar FGM discs having linead hyperbolic thickness profiles, the
tangential strain rate reduces respectively by aitvam and three orders of magnitude. Similar
effects are noticed for radial strain rate in tf@\WF disc. The FGM discs having linear and
hyperbolic thickness profiles exhibit relativelyifonm distribution of radial strain rate and

hence possess lesser chances of distortion.
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Table 1. Creep parameters used for Al-SiCp in tlesgnt study.

P T \% M oo Coefficient of

(um) (K) (vol.%) (s¥*/ MPa) (MPa) Correlation
1.7 4.35E-03 19.83 0.945
14.5 623 10 8.72E-03 16.50 0.999
45.9 9.39E-03 16.29 0.998
10 4.35E-03 19.83 0.945
1.7 623 20 2.63E-03 32.02 0.995
30 2.27E-03 42.56 0.945
623 2.63E-03 32.02 0.995
1.7 673 20 4.14E-03 29.79 0.974
723 5.92E-03 29.18 0.916




